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1. Classi
al examples: Mean-�eld theory of the ferromagneti
 phase transition.Van der Waals model/theory of liquid-gas transition. Landau theory of 
ontinuousphase transitions; interfa
es and domain walls; di�erent order-parameter symmetries.2. Stat. me
h. basis of phase transitions. Why do phase transitions o

ur?(symmetry, separation of phase spa
e). Simple model of a �rst-order phase transi-tion. From stat. me
h. to MFT: Coarse graining and saddle-point approximation.Example: the Ising model; exa
t solution for 1D nearest neighbours and for in�nite-range; simulations in 2D.3. E�e
t of thermal 
u
tuations on ordered phase. Importan
e of the thermo-dynami
 limit. Impossibility of symmetry breaking in 1D. Gaussian approximation,
ontinuous symmetry breaking and Goldstone modes. Lower 
riti
al dimensions andthe Hohenberg-Mermin-Wagner theorem.4. Field theory of phase transitions. Destru
tion of mean-�eld theory by 
u
-tuations near the 
riti
al point; diverging spe
i�
 heat from Gaussian 
u
tuations.Upper 
riti
al dimension and Ginzburg 
riterion. Perturbation theory and Feynmandiagrams. Breakdown of pert. theory below the upper 
riti
al dimension.5. S
aling and Renormalization Group approa
h. S
ale-invarian
e at the 
rit-i
al point. Review of 
riti
al exponents. Renormalization Group transformations;from �xed points to 
riti
al exponents and s
aling laws. Momentum-shell RG andthe Gaussian �xed point. A new �xed point below four dimensions; 
riti
al exponentsto order � = 4� d.6. The 2D-XY model. Expansions at low and high temperatures. Spin-waves andvorti
es as relevant ex
itations. Simple Kosterlitz-Thouless argument for vortex-pairunbinding transition. Mapping from XY-model to Sine-Gordon model, and RG anal-ysis.
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BooksP. M. Chaikin and T. C. Lubensky, Prin
iples of Condensed Matter Physi
s, (Cam-bridge University Press, 1995).Covers mu
h more than just phase transitions, but still manages to introdu
e mu
hin these le
tures in an understandable way.N. Goldenfeld, Le
tures on Phase Transitions and the Renormalization Group, (Addison-Wesley, 1992).Ex
ellent text book on the statisti
al physi
s of phase transitions.S.-K. Ma, Modern Theory of Criti
al Phenomena, (Addison-Wesley, 1976).Possibly the �rst textbook explaining �eld theory and RG of 
ontinuous phase tran-sitions. Goes through the basi
 examples in good detail, but perhaps not the ideal�rst introdu
tion to the subje
t.C. Domb, The Criti
al Point, (Taylor and Fran
is, London, 1996).Histori
al overview of the development of the theory of 
riti
al phenomena.J. Zinn-Justin, Quantum Field Theory and Criti
al Phenomena, (Oxford UniversityPress, 1989).Heavy going book whi
h 
overs a lot of the mathemati
al aspe
ts of the 
ourse, as wellas showing the links between the theory of phase transitions and quantum �eld theory.
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Le
ture One1 Early understanding of phase transitionsIn this le
ture we review the 
lassi
al understanding of phase transitions, dating fromover a 
entury ago. We start with the Weiss mean-�eld theory of ferromagnetism. Wethen look at the Van der Waals model of a liquid-gas phase transition. Both theorieshave similar features, in parti
ular a 
riti
al end-point to a 
oexisten
e line. Wetherefore look at the general des
ription of this 
riti
al point, the Landau theory, and�nd that a diverging length s
ale is a 
hara
teristi
 of 
ontinuous phase transitions.1.1 Classi
al theory of the ferromagneti
 phase transition1.1.1 Statisti
al physi
s of a magneti
 moment: paramagnetismConsider a 
lassi
al magneti
 dipole moment of �xed strength m0, whi
h is free torotate. In a magneti
 �eldB the dipole has an intera
tion energy, E(�; �) = �m�B =�m0B 
os �. In thermal equilibrium the dipole will sample all possible dire
tions witha Boltzmann probability distribution, P(�; �) = exp[��E(�; �)℄ (with � = 1=T ).We 
an 
al
ulate the average magneti
 moment in the �eld dire
tion ~m = hmzi =Z�1 R d�d� sin � P(�; �)m0 
os �, whereZ = Z �0 d� Z 2�0 d� sin �P(�; �) = 4��m0B sinh(�m0B): (1)We qui
kly �nd ~m by di�erentiating this \partition fun
tion",~m = 1Z 1� �Z�B = m0 "
oth(�m0B)� 1�m0B # � m0L(�m0B); (2)where we have de�ned the Langevin fun
tion as L(x) = 
oth(x) � 1=x. Usually weare interested in the linear response, i.e as B ! 0 we should have M = � ~m = �H(where H = B=�0 and � is the density of the magneti
 moments). Expanding theLangevin fun
tion we �nd limx!0 L(x) = x=3 so that we have,� = �03 �m20� / 1T ; (3)(Note, a positive sus
eptibility is de�ned as paramagneti
).An inverse temperature dependen
e of sus
eptibility was systemati
ally measuredby P. Curie (1895) for a range of paramagneti
 substan
es (oxygen, palladium, andvarious salts su
h as FeCl2).1 The above derivation, whi
h ignores the intera
tionsbetween a set of �xed magneti
 moments, is due to Langevin (1905). Of 
ourse, wehave also ignored the quantization of spin and angular momentum. This is importantin restri
ting the allowed values of mz of the individual moments. However, thegeneral \Curie law" of � / 1T still holds.2
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onsistent mean-�eld solution for the magnetization of a ferromag-net as a fun
tion of temperature and external �eld.1.1.2 Weiss mean-�eld des
ription of ferromagnetsTypi
al materials 
ontain many su
h magneti
 moments (eg. atomi
 spins), whi
hhave some intera
tion. A general form whi
h 
an often be justi�ed (eg. 
lassi
aldipole intera
tion, Heisenberg ex
hange) is the intera
tion energy,Eint = �Xi<j V (Ri �Rj)mi �mj: (4)The thermodynami
s of this problem is now non-trivial. However, a reasonable ap-proximation is to look at the energeti
s of a single moment intera
ting with theaverage moment on the other spins. This is equivalent to the i-th moment seeing ane�e
tive �eld, B = �0H+Xi6=j V (Ri �Rj)hmji: (5)This \mean-�eld theory" was �rst used by Weiss (1907) to explain the behaviour offerromagnets observed by Curie. In a ferromagnet the intera
tions tend to align thespins, so that ��1Pi6=j V (Ri �Rj) � � > 0, and the magnetization M = �hmji liesin the same dire
tion as the external �eld, B = �0H + �M . The e�e
tive �eld nowenters into the Langevin model for the i-th moment,M = m0�L [�m0(�0H +�M)℄ : (6)This is a relation between H and M , known as the equation of state. From this, allthermodynami
 properties 
an be obtained! The self-
onsistent solution of M(T;H)for this equation is shown in Fig. 1. At low temperatures there is a spontaneousmagnetization at zero �eld. The size of M(T;H ! 0) falls 
ontinuously to zero at a
riti
al temperature T
. We 
an see this by expanding the inverse Langevin fun
tion,3�0H = ��M + 1�m0L�1 [M=m0�℄ (7)1E.C. Stoner, Magnetism and Matter, (Methuen, London, 1934).2In this 
ourse on phase transitions, we will not be too interested in the e�e
ts of quantumme
hani
s. The reason for this (
oarse-graining) will be justi�ed later.3we use the expansion L�1(x) = 3x+ 95x3 4



Figure 2: Experimental values of sus
eptibility of an Iron alloy, from J.E. Noakes etal., J. Appl. Phys. 37, 1265 (1966). This log-log plot shows a linear dependen
e overseveral orders of magnitude. However, the slope is not the 
lassi
al value of one, but
 = 1:33� 0:015. = (��+ 3��m20 )M + 95�m40�3M3; (8)and we have a sus
eptibility near the 
riti
al point (or Curie point) of,� = aT � T
 ; (9)with T
 = 13��m20. This is the famous Curie-Weiss law (observed by Curie andexplained by Weiss).This very simple theory already has a ri
hness of behaviour. The zero �eld solutionbelow T
 displays symmetry breaking: There are two equivalent solutions, ea
h ofwhi
h has a lower symmetry than the intera
tions in the system. As one passes frompositive to negative �elds, there is a jump in the magnetization, i.e. the H = 0 linebelow T
 marks a �rst-order phase transition (jump in �G=�H). The 
riti
al pointitself is very spe
ial, where the magnetization has a divergent slope. This also leadsto a dis
ontinuity in the spe
i�
 heat as we in
rease T through T
 at zero �eld.Finally we note that Fig. 1 does not show all of the solutions to (6). Consideringby hand a graphi
al solution of the self-
onsistent equation shows two other solu-tion bran
hes, one of whi
h is unstable, the other whi
h is metastable (a metastablesolution has higher free energy than the true solution, and so is probabilisti
allyunfavourable in thermodynami
 equilibrium).1.1.3 An experimental dis
repan
yThe above Curie-Weiss law has proved a very useful way for experimentalists to 
har-a
terize the high-temperature behaviour of magneti
 materials, and it is an experi-mental fa
t that in ferromagnets the sus
eptibility diverges at the Curie temperature.However, when one looks very 
losely at this divergen
e one �nds that the divergen
e5



Figure 3: The phase diagram of Argon in the pressure-temperature plane.has a di�erent form from Curie-Weiss. In Fig. 2, data is shown that obeys a form,� = a�T � T
T
 ��
 ; (10)with 
 � 1:33, rather than the mean-�eld predi
tion of 
MF = 1. We therefore havea hint that we may need to go beyond mean-�eld theory. In Le
ture 4 we will �ndout why the mean-�eld approximation has broken down.1.2 Van der Waals theory of a liquid-gas transitionFig. 3 shows the phase diagram of Argon. Of interest to us is the boundary betweenliquid and gas phases. What is the di�eren
e between a liquid and a gas? In a liq-uid the density is approximately �xed in order to minimize the attra
tive intera
tionbetween atoms/mole
ules. In a gas the density is mu
h lower, but the system gainsmore entropy. The �rst understanding of a phase transition between these two statesis due to Van der Waals (1873). Consider the energy of pair-wise intera
tions be-tween identi
al parti
les, E = Pi<j Vint(Rj � Ri), and let the intera
tion potentialbe written as a sum of a long-range attra
tion (e.g. from the Van der Waals attra
-tion of 
u
tuating dipoles) and a hard-
ore repulsion from the parti
le of radius a,Vint(R) = Vattr(R)+Vh
(R). For example, an attra
tive intera
tion of range � may beof the form Vattr(R) / � exp(�R=�). A typi
al form for Vint(R) is shown in Fig. 4.The thermodynami
s of this intera
ting system is governed by the partition fun
-tion, Z = Tr e��E = Z Yi0 ddRi0e��Pi<j Vint(Rj�Ri): (11)1.2.1 Mean-�eld theoryIf the range of the intera
tion, � is mu
h larger than the typi
al parti
le separation��d (where � = N=V is the density), then to a good approximation an individualparti
le feels the average attra
tive potential from many (� �d�) parti
les. Thereforewe 
an write, 6
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Figure 4: Typi
al inter-parti
le intera
tion potential with a hard-
ore repulsion anda long-range attra
tion.Xi<j Vatt(Rj �Ri) = 12Xi6=j Vattr(Rj �Ri) � 12Xi � Z ddrVattr(r) = �JN2=V; (12)where we de�ne J = 12 R ddrVattr(r). Now the partition fun
tion be
omes,Z = e�JN2=V Z Yi0 ddRi0e��Pi<j Vh
(Rj�Ri) = e�JN2=VZh
: (13)Van der Waals assumed the e�e
t of the hard 
ore is just to ex
lude some of phasespa
e, so that, Zh
 = (V �Nb)N (14)(b � ad is the ex
luded volume of one parti
le). This result for Zh
 is only exa
t in onedimension, but should be a good approximation at low densities in higher dimensions.The Van der Waals free energy per parti
le now follows,f(v; T ) = � TN lnZ = �Jv � T ln(v � b); (15)where v = V=N is the volume per parti
le. Using the formula for pressure, P =� �f=�vjT , we get the Van der Waals equation of state,P (v; T ) = � Jv2 + T(v � b) : (16)The free energy and pressure as fun
tions of volume at �xed temperature are shownin Fig. 5. Note the presen
e of a 
riti
al temperature, T
 = (8=27)J=b below whi
hthere is always a thermodynami
ally unstable range of volumes (be
ause �2f=�v2 =��p=�v 
annot be negative). In this range the system will need a 
oexisten
e of ahigh-density liquid and a low-density gas. If we instead 
onsider systems of �xedpressure, we need to look at the Gibbs free energy G(P; T ) = F [V (P; T ); T ℄ + PV .The result at T = 0:75T
 is shown in Fig. 6 where we see that as a fun
tion of7
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Figure 5: (a) The Van der Waals free energy as a fun
tion of volume per parti
le fortemperatures above, below and at T
. (b) The pressure P = ��f=�v at the sametemperatures. Note the unstable region (dashed line) where �P=�v is positive.
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Figure 6: The Gibbs free energy g = f + Pv of the Van der Waals system at T =0:75T
. The 
urve has 
usps where �P=�v = 0. The equilibrium system takes thesolution of lowest g, so there is a �rst-order transition where the liquid 
urve 
rossesthe gas 
urve.temperature the Gibbs free energies of the two stable solutions 
ross ea
h other.The 
orre
t thermodynami
 phase is the one of lowest G. It is this whi
h leads toa phase diagram similar to that in Fig. 3 (but without a solid phase). (Note, the
oexisten
e region 
an also be determined from the P -v 
urve using the Maxwellequal-area 
onstru
tion, or from the f -v 
urve, using the 
onvexity property of thefree energy.)Again, this simple theory 
ontains a wealth of phenomena: On 
rossing the 
oex-isten
e line there is a density jump and a latent heat obeying the Clausius-Clapeyronrelation �s = �v(dP=dT ), whi
h in turn must give a peak in the spe
i�
 heat.These �rst-order jumps redu
e to zero as the 
riti
al end-point of the 
oexisten
e lineis approa
hed.
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Question 1Find the lo
ation of the 
riti
al point P
 = P (v
; T
), de�ned by setting the�rst and se
ond derivatives of (16) to zero. Show that near the 
riti
alpoint, v � v
v
 = � "23 (P � P
)P
 #1=3 : (17)on the 
riti
al isotherm T = T
 (note, the same exponent of 1=3 is foundfor the mean-�eld ferromagnet on the 
riti
al isotherm.) Show that on the
oexisten
e line, v = v
 � 2v
 �T
 � TT �1=2 ; (18)with the plus sign for approa
hing from the gas phase and the minus sign
orresponding to the liquid. We see that the density di�eren
e �v betweengas and liquid falls 
ontinuously to zero at the 
riti
al point (again, thesame exponent of 1=2 is found for the spontaneous magneti
 moment in amean-�eld ferromagnet). Finally, show that the 
ompressibility� = �1v �v�P �����T : (19)diverges at the 
riti
al point. Therefore we 
an expe
t violent density 
u
-tuations at 
riti
ality (observed in 
arbon dioxide as \
riti
al opales
en
e"by Andrews in 1863).

9



FL FL

FL
FL

a>        h= 00

φ

φφ

φ

00

00 00

a<        h=

a<        h>a>        h>

Figure 7: The Landau \free energy" fun
tion FL(�) = a�2 + b�4 � h� for di�erentvalues of the parameter a and a �eld h. For a > 0 and h = 0 there is only oneminimum at the origin � = 0. This 
orresponds to the disordered phase. For a < 0and h = 0 there are two minima at �nite �, and the system orders into one of thestates with a spontaneous breaking of symmetry. With a symmetry breaking �eldh > 0 the a > 0 
urve has a minimum at non-zero �, while for a < 0 the degenera
yof the minima is lifted.1.3 Landau theory of 
riti
al pointBoth examples above share the feature of a 
oexisten
e line ending in a 
riti
al point.In ea
h 
ase the 
oexisting phases have a quantity (i.e. the magnetization or thedensity) that is di�erent, but where the di�eren
e goes to zero at the 
riti
al point.Apart from the qualitative similarities, their are 
ertain quantities that are exa
tlythe same in both systems, e.g. the exponent of the vanishing magnetization/densitydi�eren
e. These features 
an be explained with a simple phenomenologi
al modeldue to Landau (1937).4The 
riti
al point is to be regarded as a 
ontinuous phase transition (the thermo-dynami
 fun
tions of state su
h as entropy, energy, volume are 
ontinuous), whi
hseparates two phases of di�erent symmetry. Usually the low-temperature phase hasa lower symmetry than the high-temperature phase. Landau suggested that su
htransitions are 
hara
terized by an order parameter � whi
h is nonzero in the less-symmetri
al phase, and zero in the symmetri
al phase. (For the ferromagnet � =M,a ve
tor, while for the liquid-gas transition � = vgas � vliq, a s
alar.) The Landautheory then assumes that the free energy FL of the system is a fun
tion of this pa-rameter, and that the thermodynami
ally stable state will have the value of � thatminimizes this fun
tion, i.e. F = min[FL(�)℄.As the order parameter goes to zero at the transition T
, we 
an expand FL(�)4The standard exposition is in L.D. Landau and G.M. Lifshitz, Statisti
al Physi
s, (PergamonPress, Oxford 1958). 10



near the phase transition,FL(�) = F0 + a�+ b�2 + 
�3 + d�4 + : : : ; (20)where the 
oeÆ
ients depend on temperature and other external parameters in asnooth way. Now, as we need the minimum of FL to be at � = 0 above the transition,we 
an immediately set a = 0. The rest are in general nonzero. Often, however, wehave a symmetry � ! �� in the problem (e.g. for the ferromagnet), in whi
h 
asewe 
an set all 
oeÆ
ients with odd powers to zero. We then arrive at the simplestform valid near T
, FL(�) = F0 + a�2 + b�4: (21)The general shape of this fun
tion is shown in Fig. 7. Note that we need b > 0 tohave a solution (or higher order terms are needed). We see in Fig. 7 that when a > 0the solution is at � = 0 while for a < 0 the solution is � = �0 � q�a=2b. Thereforethe 
ontinuous phase transition o

urs when a 
hanges sign. To lowest order near T
the 
oeÆ
ient has the temperature dependen
e a(T ) = (T � T
)a0. This leads to therequired 
ontinuous drop in order parameter,j�j = �0 �  a02b!1=2 (T
 � T )1=2; T
 > T: (22)In general the order parameter will 
ouple to a �eld with a 
ontribution to thefree energy of �h�. Now minimizing FL leads to the equation of state,h = 2a0(T � T
)�+ 4b�3: (23)Note that this is the same as the expansion of the equation of state near the Curiepoint of a ferromagnet with h the magneti
 �eld, and near the 
riti
al point of theVan der Waals 
uid with h the di�eren
e of the pressure from the 
riti
al pressure p
.1.3.1 First-order transitionsThis Landau phenomenology 
an also be used to des
ribe �rst-order transitions, al-though in this 
ase there is no requirement for the order parameter to be small atthe transition. Therefore the above expansion of(20) is not justi�ed. Nevertheless itis instru
tive to look at the system,FL(�) = F0 + a�2 + b�3 + 
�4; (24)whi
h does not have the symmetry � ! ��. Now the system may develop two minimaat the same time, and the stable phase is the one of lowest FL. Although this modeldemonstrates some general features of a �rst-order transition, we emphasize that ithas no general appli
ability as � may not be small, unlike the 
ase for 
ontinuoustransitions.1.3.2 Universal dependen
e of sus
eptibility, entropy and spe
i�
 heatThe sus
eptibility is the prefa
tor of the linear response to the �eld, and it divergesat the 
ontinuous transition,� = limh!0 ���h = 8><>: 12a0 (T � T
)�1; T > T
;14a0 (T
 � T )�1; T
 > T: (25)11



While the free energy is just a 
onstant in the high temperature phase where� = 0, at low temperatures we have F = min[FL(�)℄ = F0 � (a02=4b)(T
 � T )2. Thusthe free energy is 
ontinuous at the transition, but so is the entropy,S = � �F�T ! = 8><>: S0; T > T
;S0 + a022b (T � T
); T
 > T: (26)Noti
e, however, that there is a kink in the entropy. This is realized as a dis
ontinuityin the spe
i�
 heat, 
h = T  �S�T !h = 8><>: 
h;0; T > T
;
h;0 + a022b T; T
 > T: (27)All of these features are realized 
lose enough to the 
riti
al point in the mean-�eld theories of ferromagnets and the liquid-gas transition (as well as binary alloys,super
uids, super
ondu
tors et
.).1.3.3 Interfa
es and domain wallsSo far we have assumed that the order parameter takes the same value everywhere inspa
e. Physi
ally, however, we may guess that on quen
hing down in temperature tobelow a 
ontinuous transition, the system might start to break the symmetry in dif-ferent dire
tions in di�erent regions of spa
e. We 
an allow for su
h inhomogeneitieswithin the phenomenologi
al Landau pi
ture, using a position dependent order pa-rameter �(r). The expansion of the free energy will now in
lude derivatives of thepowers of �. Let us only 
onsider very long wavelength distortions, in whi
h 
ase wemay in
lude only the �rst and se
ond derivatives. We 
an write this in the form,FL[�(r)℄ = F0 + Z ddr a�2(r) + b�4(r) + gj�r�j2: (28)This should be minimized subje
t to any boundary 
onditions, whi
h 
an be expressedin the di�erential equation,h(r) = 2a�(r) + 4b�3(r)� 2g�2r�; (29)where we have in
luded a spa
e-dependent �eld.In the liquid-gas problem we may have on the 
oexisten
e line an interfa
e sep-arating a liquid in one region from a gas in another region (both phases being inequilibrium). This is just like a s
alar order parameter with the symmetry brokenin two di�erent dire
tions in di�erent regions separated by an interfa
e, or \domainwall". In the simplest 
ase imagine a 
at interfa
e separating � = ��0 as x ! �1from � = �0 as x ! +1. To solve the di�erential equation for the order-parameterpro�le we need to s
ale out the dimensions, and write~� = �=�0; ~x = sagx; (30)whi
h gives a dimensionless equation for the interfa
e,~�+ ~�3 = �2�~x2 ~�: (31)12



In other words, the solution to this, ~�i(~x) is a solution for all temperatures 
lose tothe 
riti
al point, with an interfa
e width of ~x0 (see Fig....). This translates to aphysi
al width of x0 = rga ~x0 = g1=2~x0a1=20 (T
 � T )�1=2: (32)Therefore we see that the width of an interfa
e between domains diverges as the
riti
al temperature is approa
hed. (The reason is the vanishing energy s
ale forraising � away from ��0 whi
h allows for the energy of the derivative term to beredu
ed by in
reasing the length of this \defe
t".) This is our �rst glimpse of thedivergen
e of an important length s
ale that is the de�ning feature of the 
riti
alpoint.The interfa
e also 
osts an energy,Fi = Z ddr ha�2(r) + b�4(r) + gj�r�j2i� FL[�0℄= Ld�1 jaj3=2g1=22b Z 1�1 d~x �12 � ~�2(~x) + 12 ~�4(~x) + (�~x ~�)2� (33)/ (T
 � T )3=2;whi
h vanishes as T
 is approa
hed.1.3.4 Di�erent order parameter symmetriesThe above example of an interfa
e was for a s
alar order parameter (i.e. where the�eld � is just a real number). This is the simplest example of an order parameterwith a dis
rete symmetry (+ ! �). It 
orresponds to the two member group Z2.Experimental realizations of phase transitions that break this symmetry are uniaxialferromagnets, alloy disordering on a bipartite latti
e, and the liquid-gas transition onthe 
oexisten
e 
urve.On the other hand, the 
lassi
al ferromagnet we 
onsidered at the beginning ofthis le
ture has a ve
tor order parameter, and a free energy at zero �eld that issymmetri
 under rotations in three dimensions. This is a 
ontinuous symmetry (ofthe group O3), and has very di�erent properties whi
h may be seen if we 
onsider theabove problem of an interfa
e. If we impose the analogous boundary 
onditions ofM = �M0 as x! �1 and M =M0 as x! +1 then the system 
an minimize itsenergy by a 
ontinual 
hange in M whi
h is always in the minimum of the potential,but 
osts an energy in the derivative of the spatial dependen
e whi
h de
reases asthe system size in
reases. These long-wavelength distortions (known as Goldstonemodes) 
an be quite destru
tive of the ordered phase if thermally a
tivated, whi
hwe will 
onsider in more detail in Le
ture 3.Finally we note for 
ompleteness another 
ontinuous symmetry O2 whi
h is brokenin easy-plane ferromagnets, and also in super
uids and super
ondu
tors in the formof a 
omplex order parameter (this is really the group U(1)).
13



Le
ture Two2 Statisti
al me
hani
s of phase transtitionsIn this le
ture we look at the understanding of why phase transitions o

ur fromthe perspe
tive of statisti
al physi
s. We start with some general observations onphase transitions. We then look at the justi�
ation of Landau theory in terms of the
oarse-graining of thermal 
u
tuations in mi
ros
ropi
 degrees of freedom. Finallywe look at one of the most important model systems: the Ising model, whi
h wesolve in 1D for nearest neighbour intera
tions and in any dimension for in�nite rangeintera
tions. We end the le
ture looking at a numeri
al simulation of the 2D Isingmodel, for whi
h a ni
e graphi
al user interfa
e has been made publi
 on the web.The basis of our understanding of thermodynami
s is statisti
al physi
s. This tellsus that for a system with mi
ros
opi
 degrees of freedom 'mi
 (e.g. positions of par-ti
les, spins) in equilibrium with a thermal bath at temperature T , all 
on�gurationsare sampled over long enough times, with a Boltzmann probabibility distribution ofPB('mi
) = exp[��H('mi
)℄. where H is the energy of the 
on�guration 'mi
.5 Anyproperty A of the system is then given byhAi = Z�1Tr'mi
A('mi
) exp[��H('mi
)℄ (34)(by \tra
e" we mean a 
omplete sum over all possible 
on�gurations of 'mi
). Inprin
iple then, if we know the fun
tion H('mi
) we know all of the thermodynami
properties. In pra
ti
e, as we will see, new and subtle 
on
epts are required tounderstand the phenomena of systems with quite simple forms of H('mi
).2.1 Why do phase transitions o

ur?A phase transition separates two phases with some di�erent property. This impliesthat there are di�erent regions of \phase spa
e" (that is, the allowed 
on�gurationspa
e of 'mi
) whi
h are 
hara
terized by di�erent values of some A('mi
). On oneside of the transition the system has overwhelming probablility to have A('mi
) = A1while on the other side the most likely value is A2. When a phase transition is tunedby temperature it 
an often be viewed in the following way: The low temperaturephase allows the system to minimize the energy H whi
h maximizes the probablilityPB('mi
). However, this minimization makes 
onstraints on the possible 
on�gura-tions. A higher energy phase with more 
on�gurational spa
e may dominate on
e thetemperature is enough to 
atten the e�e
t of PB('mi
). That is, this phase has moreentropy, and the entropi
 advantage will win out above the phase transition.Now we see why transitions often o

ur where the low temperature phase has abroken symmetry. For example in a ferromagnet, the energy 
an be minimized bypointing all the spins in the same dire
tion (whi
h has to be 
hosen spontaneously).This however is a big 
onstraint on the possible 
on�gurations, whi
h is why a phasewith average zero magneti
 moment will dominate the probabilities at high enough5We 
onsider here a purely 
lassi
al system with pre
isely de�ned 
lassi
al 
on�gurations. Of
ourse, the world is quantum, and the mi
ros
opi
 
on�gurations should be the eigenstates of thetotal system. Eventually, however, we are interested in properties in the \
lassi
al regime", wherequantum e�e
ts should be de
oherent, and the quantum and 
lassi
al treatments lead to the samephysi
al properties (
.f. the 
orresponden
e prin
iple).14
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Figure 8: The zeros of the partition fun
tion of our simple model in the 
omplex-�plane. Note that they lie on a line 
rossing the real axis at the transition temperatureof the in�nite system. In the limit of lnN ! 1 the density of zeros diverges andthe line be
omes a bran
h 
ut between the solutions in the high and low temperaturephases.temperature. The fa
t of the symmetry 
hange means that the transition must o

urat a single point (it is all or nothing with symmetry), rather than any smooth 
rossoverbetween the two phases.2.1.1 Simple model of a �rst-order transitionQuestion 2We 
an illustrate the above points with an extremely simple model. Con-sider a system with a 
hoi
e of 2N +1 
on�gurations, one of whi
h has zeroenergy, while the other 2N 
on�gurations all 
ost an energy �N . Writedown the partition fun
tion and �nd the free energy as N ! 1. Findthe transition temperature, and the latent heat. Find the zeros of thepartition fun
tion in the 
omplex-� plane. What happens to the zeros asN !1?Despite the over-simpli
ity of this model, it does demonstrate the features ofentropy 
ompeting with energy, and realizes what we mean by a region of phasespa
e be
oming dominant. It means that its 
ontribution to the partition fun
tiongrows faster with N than other regions of phase spa
e. The true phase transition onlyo

urs in the N ! 1 limit, also known as the thermodynami
 limit. This simplemodel allows us to illustrate another point: the fa
t that the 
hara
teristi
s of a phasetransition are determined by the analyti
 stru
ture of Z(�) in the 
omplex �-plane.6In our simple model the zeros lie on a line Re(�) = 1=s in the 
omplex �-plane (seeFig. 8). Also, the density of zeros in
reases with N , while the distan
e of the nearestzero to the real axis falls to zero as 1=N . In the thermodynami
 limit this line ofzeros be
omes a bran
h 
ut whi
h separates the two phases.This resolves the paradox of how to get non-analyti
 behaviour at a transitionin what appears to be an analyti
 fun
tion Z(�). The required dis
ontinuities onlyo

ur in the thermodynami
 limit when the density of zeros diverges on a line in the6This was possibly �rst introdu
ed for the 2D Ising model in C.N. Yang and T. Lee, Phys. Rev.97, 404 (1952). See also the re
ent paper, P. Borrmann, O. M�ulken, and J. Harting, Phys. Rev.Lett. 84, 3511 (2000). 15




omplex plane that meets the real axis at the transition point. The way the density ofzeros depends on the distan
e from the real axis determines all of the 
hara
teristi
s(�rst-order versus 
ontinuous, how the spe
i�
 heat diverges, et
.) of the transition(Grossman and Rosenhauer 1967). Unfortunately it turns out that it is rarely possibleto 
al
ulate the positions of these zeros, and so it is not the most 
ommon way toanalyse phase transitions.2.2 From stat-me
h to Mean-Field TheoryA question raised but not answered in the last le
ture is what is the physi
al meaningof the Landau free energy? Let us remind ourselves of the de�nition of the true freeenergy, e��F (T ) = Z = Tr'mi
 exp[��H('mi
)℄: (35)How do we des
ribe the order parameter � in this approa
h? It is 
lear that theorder parameter should be an averaged quantity. For example, we may have anorder parameter that is simply the average value of the mi
ros
opi
 �eld, � = h'mi
i.However, in the above formulation, this average is �xed at a given temperature, and
an only be altered by adding a �eld to H('mi
). This would give a free energy asa fun
tion of �eld, F (T; h), and we 
an make a Legendre transform of this to getG(T; �) = F (T; h(�)) + h�. We 
an see that the Landau free energy FL(�; T ) is notthe true free energy G(�; T ) be
ause of the thermodynami
ally unstable solutionsthat exist in FL.2.2.1 Coarse grainingAnother problem is how to des
ribe the spatial variations �(r) when there is no spatialdependen
e in G(�; T )? The answer lies in 
oarse-graining. We therefore keep somelong-wavelength spatial dependen
e by only averaging up to some �xed resolutionlength. To implement the 
oarse graining we de�ne a blo
k size l = 1=� where l ismu
h greater than the underlying mi
ros
opi
 dis
retization d. For a blo
k 
entredat r we de�ne the order parameter�(r) = 1ld Zblo
k(r) ddr0 'mi
(r0): (36)Now there will be many 
on�gurations in a given blo
k that lead to the same averagedorder parameter. We therefore de�ne the Landau free energy as arising from thepartial tra
e over all those mi
ros
opi
 
on�gurations that still lead to a given set of
oarse grained order parameters. Mathemati
ally this may be written,e��FL[�(r);T ℄ = Tr'mi
Æ "�(r)� 1ld Zblo
k(r) ddr0 'mi
(r0)# exp[��H('mi
)℄: (37)We are then able to write the full partition fun
tion as,Z = e��F [T ℄ = Tr�(r)e��FL[�(r);T ℄= Z D�(r0)e��FL[�(r);T ℄; (38)where R D�(r0) = R Q0r d�(r0) is a fun
tional integral. Note that the Landau freeenergy 
ould not be 
onfused with the mi
ros
opi
 Hamiltonian be
ause of the tem-perature dependen
e in FL[�(r); T ℄ that has arisen after the 
oarse graining.16



This de�nition of the Landau free energy explains some important features. Firstit allows for unstable solutions, whi
h will not appear after the �nal tra
e. Se
ondlywe see the justi�
ation that FL[�(r)℄ should be an analyti
 fun
tion, as the partialtra
e is only over a �nite number of degrees of freedom. The singularities at the phasetransition only appear after the �nal tra
e over an in�nite system.2.2.2 The saddle-point approximationOne assumption of the Landau theory remains unexplained: the need to take theminimum value of the Landau free energy. In the de�nition (38) we see that the truefree energy has 
ontributions from all possible 
on�gurations of �(r). The mean-�eldtheory is only a \saddle-point" approximation to the fun
tional integral appearing in(38). If we expand in the form FL[�(r)℄ = FL[�0℄+ ÆFL[�(r)℄, where �0 minimizes FL,then we 
an write, F = FL[�0℄� T ln(Z
u
): (39)The Landau mean-�eld theory 
onsists of ignoring the 
u
tuation term, Z
u
 =R D�(r0)e��ÆFL[�(r)℄. We will 
onsider when this a
tually works in Le
ture 3.2.2.3 Landau theory is a 
lassi
al �eld theoryThe problem of evaluating fun
tional integrals over a \�eld" su
h as �(r) is knownas a 
lassi
al �eld theory. Using the form of FL[�(r); T ℄ justi�ed near a 
ontinuousphase transition, the partition fun
tion has the form,Z = Z D�(r0) exp ��� Z ddr[a(T )�2(r) + b�4(r) + gj�r�j2℄� : (40)This is a well-studied problem in 
lassi
al �eld theory, often known a�e
tionatelyas �4-theory (pronoun
ed \phi four"). It is surprisingly non-trivial, and we will belooking at many aspe
ts of it during this 
ourse. Despite being a 
lassi
al �eld, thisproblem has mu
h in 
ommon with the quantum �eld theories found in many-bodyperturbation theory used in parti
le physi
s and in solid-state physi
s.2.3 Example: the Ising modelWe now turn to a simple model mi
ros
opi
 system known as the Ising model. This
onsists of up and down spins de�ned on a latti
e (as with a spin-12 parti
le), whi
h werepresent by the values �i = �1. With ferromagneti
 nearest-neighbour intera
tionswe have, H[�i℄ = �JXhiji �i�j; (41)where the sum is over the links between adja
ent sites. This has a partition fun
tion,Z = X�1=�1 X�2=�1 : : : X�N=�1 e�JPhiji �i�j : (42)(The mapping of this to a latti
e gas was shown in Yong Mao's le
tures.) There isno general solution for Z in three dimensions. A beautiful yet 
omplex solution hasbeen found in two dimensions (Onsager 1944). In one dimension, it is rather easy tosolve. 17



2.3.1 Solution in one dimensionIn one dimension the spins lie on a linear 
hain, so that the energy 
an be written,H[f�ig; J ℄ = �JXi �i�i+1 = �JXi �i (43)where �i = �i�i+1 
an take the values �1. With open boundary 
onditions there areno restraints between the di�erent �i and we haveZN = Tr�i0e�JPN�1i=1 �i;= 0� X�=�1 e�J�1AN�1 = (2 
osh �J)N�1 (44)and the free energy per spin isf = � TN lnZ = �T ln (2 
osh �J) ; (45)whi
h is a smooth fun
tion for all temperatures. This means there is no phase transi-tion in the 1D Ising model, despite what a mean-�eld treatment would have told us.The physi
al reason for this will be given in the next le
ture. At this stage we justnote the low and high temperature limits,f � ( �J � Te�2J=T ; T � J;�T ln 2� J22T ; J � T: (46)Di�erentiating (45) gives us the entropy,s = � �f�T = ln(2 
osh �J)� �J tanh�J; (47)and the heat 
apa
ity, 
 = �T �2f�T 2 = (�J)2
osh2 �J : (48)This last result we plot in Fig. 9. Note that despite the la
k of a phase transition,there is a well de�ned peak in the spe
i�
 heat near T � J asso
iated with the loss ofordering between neighbouring spins at this temperature. This is 
alled a \S
hottkyanomaly".How does the 1D Ising system respond to a magneti
 �eld? In
luding a \Zeemansplitting" in the energy leads to,H[f�ig; J; h℄ = �Xi [J�i�i+1 + h�i℄ : (49)Now we 
an't use the above tri
k, so we need a more sophisti
ated solution. We writethe Hamiltonian as a sum over terms that are symmetri
 in �i and �i+1,H[f�ig; J; h℄ = �Xi "J�i�i+1 + h2(�i + �i+1)# = �Xi ~K(�i; �i+1): (50)The fun
tion ~K 
an be thought of as a 2� 2 matrix, as the arguments 
an only taketwo values, ~K(�; �0) = " J + h �J�J J � h # : (51)18
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apa
ity per spin of the 1D Ising model as 
al
ulated in thesenotes. The peak near T � J is known as a \S
hottky anomaly", and is asso
iated withthe ordering of neighbouring spins, despite the fa
t that there is no phase transitionto an ordered phase.The exponential of this matrix will be parti
ularly useful, and is known as a \transfermatrix", e ~K(�;�0). We now 
hoose periodi
 boundary 
onditions so that we 
an writethe partition fun
tion as,ZN = Tr�i0e�Pi ~K(�i;�i+1)= X�1=�1 X�2=�1 : : : X�N=�1 e� ~K(�1;�2)e� ~K(�2;�3) : : : e� ~K(�N ;�1): (52)Note that this is in the form of a matrix multipli
ation,M��M�
 : : :M�� = Tr(MN ) =P�(��)N where �� are the eigenvalues of M . Therefore we only need the two eigen-values of e ~K(�;�0), whi
h are�� = e�J 
osh �h� he2�J sinh2 �h+ e�2�Ji 12 ; (53)and we have ZN = �+N + ��N . In the large N limit the largest eigenvalue willdominate and give the \exa
t solution".Question 3Find the magnetization of the 1D Ising model in a �eld h, and show thatthe sus
eptibility follows the Curie law at high temperatures, but has amu
h stronger divergen
e as T ! 0.2.3.2 The in�nite-range Ising modelIn 
ontrast to the above model where mean-�eld theory 
learly does not apply, welook at a similar system where the mean-�eld theory is exa
t. Instead of nearest-neighbour intera
tions, 
onsider the opposite extreme where ea
h spin has the sameferromagneti
 intera
tion with ea
h other spin,H = � J2N NXi6=j �i�j � h NXi=1 �i: (54)The fa
tor 1=N is needed to keep the energy extensive inN . To solve this we note thatwe 
an write the double sum as PNi6=j �i�j = PNi;j �i�j �PNi=1 �i2 = �PNi=1 �i�2 � N .19



Writing the total spin as S = PNi=1 �i we then have,H(S) = � J2N S2 � hS + 
onst:; (55)and ZN = X�1=�1 X�2=�1 : : : X�N=�1 e �J2N S2+�hS: (56)The S2 in the exponent is a pain, as without it we 
ould writeP�1=�1 : : :P�N=�1 eaS =(P� ea�)N = (2 
osh a)N . Therefore we use a tri
k so that only linear terms in Sappear in the exponential. We 
an write a Gaussian fun
tion as an integral,ebS2 = 1p4�b Z 1�1 dt e�t2=4betS ; (57)so that the partition fun
tion is,Z = Tr�i0s N2��J Z dt e� N2�J t2e(t+�h)S= s N2��J Z dt e� N2�J t2 [2 
osh (t + �h)℄N : (58)This tri
k is the basi
 form of the Hubbard-Stratonovi
h transformation. Now wereally 
an use the \steepest-des
ent" approa
h, as when we take N !1 the Gaussianis very sharply peaked (like a delta fun
tion). The 
osh 
ontains an exponential whi
hmay shift this peak. By di�erentiating the integrand we see that the peak is 
entredat t = t� whi
h satis�es, t� = �J tanh(t� + �h): (59)Similarly we 
an 
al
ulate the magnetization h�i = (1=�NZ)�Z=�h, whi
h is foundto be h�i = t� obeying the same relation above. This is very similar to the mean-�eldtheory of the 
lassi
al ferromagnet we saw in le
ture 1, only the Langevin fun
tion isrepla
ed by a tanh (whi
h just re
e
ts the fa
t that the spin only takes two values,rather than pointing at any angle). All of the same analysis applies, with a phasetransition at the point T
 = J .Note that the in�nite-range model does not 
are about the dimension, as ea
h spinintera
ts with ea
h other spin regardless of where it is in spa
e. In fa
t, the nearest-neighbour model only starts to resemble the in�nite-range model as the dimensionbe
omes very large, as we will see in the following le
tures.2.3.3 Numeri
al simulation of 2D Ising modelIn the le
ture we will see a numeri
al simulation of the 2D Ising model, where we 
anlook dire
tly at the sort of 
on�gurations seen at a given temperature. This is justfor illustrative purposes, as the properties of the transition are known exa
tly fromOnsager's solution. However, looking at the evolving 
on�gurations in the simulationsgives us a lot of intuition on the nature of the phase transition, eg. 
u
tuations witha 
hara
teristi
 length s
ale, and the ideas of s
aling.
20



Le
ture Three3 Thermal 
u
tuations in the ordered phase: Howto kill a phase transitionIn this le
ture we des
ribe the impossibility of phase transitions in �nite systems orin in�nite systems of low dimensionality.3.1 Importan
e of the thermodynami
 limit.As we saw in the example in Le
ture 2, the required dis
ontinuity in a thermodynami
variable (i.e. a derivative of the free energy) at the phase transition is impossible unlesswe take the number of degrees of freedom to in�nity. We 
an demonstrate this quitegenerally for an Ising-like system with N �elds �i that 
an take the values �1, anda Landau free energy FL[f�ig; T;X℄ whi
h is analyti
 in all arguments (X representssome external parameters). Then the partition fun
tion,Z = X�1=�1 X�2=�1 : : : X�N=�1 e��FL[f�ig;T;X℄; (60)is just a �nite sum of an analyti
 fun
tion, whi
h remains an analyti
 fun
tion of T andX. Also the partition fun
tion is bounded, 0 < Z < 2N exp (��FL;min[f�ig; �;X℄).Therefore the free energy F = �T lnZ is a smooth fun
tion. The only way thisargument 
an break down is when the number of �elds summed over goes to in�nity.The argument for a 
ontinuous �eld � that 
an take an in�nite number of valuesbetween �1 and +1 needs a bit more 
are. In this 
ase we have,Z = Z d�1 Z d�2 : : : Z d�Ne��FL[f�ig;T;X℄: (61)For this to make any sense at all we must have FL[f�ig; T;X℄ an in
reasing fun
tionof all of the �i so that the integrals 
onverge. In this 
ase we 
an show that ea
hintegral of an analyti
 fun
tion remains an analyti
 fun
tion,7 so as long as there isonly a �nite number of �elds �i then Z must remain analyti
.Similarly we 
an also show that there 
annot be any spontaneous symmetry break-ing (asso
iated with the low-temperature side of a phase transition) in a system of�nite size. In the absen
e of symmetry-breaking �elds we haveh�ji = 1Z Z Yi0 d�i0 �je��FL[f�ig℄= � 1Z Z Yi0 d�i0 � �je��FL[f��ig℄ (62)= �h�ji:Therefore h�ji = 0. It is hard to see how the 
on
lusion 
ould be any di�erent evenin the thermodynami
 limit. However, it is a subtle 
ase of taking the right order7Using the mathemati
al theorem that f(z) = R1�1 d� g(�; z) is an analyti
 fun
tion of z in thedomain D where g(�; z) is analyti
 (with � on real axis) as long as the integral is 
onvergent. This isproved on p. 99-100 of E.C. Tit
hmarsh, The Theory of Fun
tions, (Oxford University Press, 1939).21



of limits. To see this, imagine we in
lude a small symmetry breaking �eld, h. Then
ompare the probabilities for the state to be f�Ai g or in f�Bi g = f��Ai g. The di�eren
ein energy between the two states will be �FL = �hPi ��Bi � �Ai � = 2hPi �Ai , so thatthe ratio of probabilities is PAPB = e2�hNh�i; (63)where h�i = 1N Pih�ii. If we let N ! 1 we see that PA=PB ! 0, whi
h meansthat the system will only sample those 
on�gurations with positive \magnetization"h�i. Only after this limit should we take the �eld to zero, to see if the magnetizationfalls to zero (a paramagnet) or if it goes to a non-zero value (a ferromagnet). Tosummarize we 
an write: limN!1 limh!0+h�i = 0 always;limh!0+ limN!1h�i = ( +M; FM;0; PM: (64)How should we understand this for a system with zero �eld? First, 
onsider a dis-
rete symmetry. In a �nite system, while the probability distribution may be peakedat � = �M , there is a �nite probability for the system to have any magnetizationbetween these two peaks. Dynami
ally, if we pla
e the system in a 
on�guration with+M , it is only a matter of time before the system will also sample �M . What hap-pens in the thermodynami
 limit is that the relative probability of the intermediatestates falls to zero, so that the two symmetry broken phases be
ome \ergodi
ally"separate.For a 
ontinuous symmetry there is always a path between states of di�erentsymmetry whi
h is of equal probablilty. In this 
ase, spontaneous symmetry breaking
an only o

ur in the thermodynami
 limit be
ause of the small 
han
e that alldegrees of freedom move 
olle
tively in this dire
tion. For other dire
tions there arestill energy barriers whi
h may prevent the drift to other symmetry broken states.Of 
ourse, the thermodynami
 limit is only a ne

essary 
ondition for spontaneoussymmetry breaking. We will see in this le
ture that the symmetry breaking alsodepends on the dimension and order-parameter symmetry of the system in question.3.2 Absen
e of symmetry breaking in one dimensionWe saw in the last le
ture that the 1D Ising model has no phase transition, i.e. theferromagneti
 phase only exists at T = 0. This is a general feature of 1D systems:a symmetry broken phase will always be unstable to a mixture of phases. This wasunderstood by Landau (1950) in terms of the domain wall that must separate twodi�erent phases.8 This domain wall will only 
ost a �nite energy in one dimension,e.g. in the Ising model the interfa
e between a region of up spins and a region ofdown spins 
osts an energy J . Simply put, an obje
t that 
osts an energy � that
an be pla
ed anywhere, will be present on average with a density proportional tothe Boltzmann fa
tor e��=T . Clearly the presen
e of a �nite density of domain wallsmeans we must have an equal mixture of up and down spins at any temperature, andtherefore no symmetry breaking.8see L.D. Landau and G.M. Lifshitz, Statisti
al Physi
s, (Pergamon Press, Oxford 1958). Theabsen
e of an ordered phase in one dimension was �rst realised by Peierls (1934), see R. Peierls,Surprises in Theoreti
al Physi
s (Prin
eton University Press, 1979).22



An alternative (but equivalent) argument is to look at the free energy of a systemwith one domain wall 
ompared to a system with none. While it 
osts an energy Jfor the wall, there is an entropy gain for the N sites we 
an pla
e the wall, so thatthe free energy is Fd�w = F0 + J � T lnN; (65)whi
h will always be less than F0 for large enough N . Therefore even in the ther-modynami
 limit the symmetry broken phase is unstable to the 
reation of interfa
esbetween di�erent phases.Having said that there is no symmetry breaking in one dimension, how did we�nd a �nite temperature transition in the 1D in�nite-range Ising model? We need a
aveat that with long-range intera
tions the domain wall may have in�nite energy, sothat the entropy is not enough to favour domain-wall proliferation.We 
an try a similar argument for a domain wall in two dimensions. Now thewall en
loses a nu
leated domain of one phase within another phase. Consider a wallof length n bonds. The number of ways to start and end at the same point is lessthan zn where z is the 
oordination number of the bonds. Therefore the entropyof walls of �xed length n is bounded by S(n) < ln(Nzn) so that the free energyis more than Fmin = nJ � T ln(N) � nT ln(z). As only large domain walls withn = sN (for some �nite �nite fra
tion s) will for
e an introdu
tion of the absentphase, we write Fmin = sN [J � T ln(z)℄ � T ln(N). We therefore see that for smallenough temperatures the free energy of ma
ros
opi
ally large domain walls is positivein the thermodynami
 limit, and a dis
rete symmetry breaking 
an survive in twodimensions. We will therefore de�ne a \lower 
riti
al dimension" dl
 su
h that ford � dl
 there 
an be no phase transition at �nite temperature. For the Ising model(and other dis
rete symmetry phase transitions) we have shown that dl
 = 1.We have emphasized the dis
reteness of the symmetry breaking for the aboveargument to apply. For a 
ontinuous symmetry we re
all that an interfa
e betweentwo phases will stret
h over as large a distan
e as possible to minimize its energy. Inother words, long-wavelength distortions be
ome important, whi
h 
alls for a di�erentapproa
h to test the stability of a symmetry broken phase.3.3 Lower 
riti
al dimension with 
ontinuous symmetriesThe simplest example of a system with 
ontinuous symmetry breaking is the Lan-dau theory for a 2D-ve
tor order parameter, or equivalently, a 
omplex s
alar orderparameter. This has the free energy,FL[�(r)℄ = Z ddr "a2 j�(r)j2 + b4 j�(r)j4 + g2 j�r�j2# (66)Unfortunately, the thermodynami
 properties of this phi-four model 
annot be solvedexa
tly. We see this be rewriting the free energy in Fourier spa
e,FL[�(k)℄ = 12 Z ddk(2�)d (a+ gk2)j�kj2 + b4 Z ddk1(2�)d ddk2(2�)d ddk3(2�)d �k1�k2��k3��k1+k2�k3(67)where we de�ne �(r) = R ddk(2�)d eik�r�k. The partition fun
tion 
an be evaluated as atra
e over the Fourier 
omponents of �,Z = Z Yk0 d�k0d��k0e��FL[�k℄ (68)23
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φφFigure 10: Illustration of the Gaussian approximation for temperatures above T
(a > 0) and below T
 (a < 0). The full line shows the a
tual Landau potential, whilethe dashed line shows the expansion around the minimum to se
ond order. Puttingthis approximate form into the Boltzmann fa
tor gives a Gaussian integral for thepartition fun
tion, hen
e the name of this approximation (it is sometimes also 
alledthe harmoni
 approximation).We now see that the quadrati
 terms are \diagonal" in the Fourier 
omponents,but the quarti
 term generates \intera
tions" between di�erent 
omponents. Thisproblem is therefore hard, but an easy problem exists if we 
an set b to zero (with a�xed greater then zero). This is known as the Gaussian approximation above T
. Forthe problem below T
 we 
an still use the same type of approximation, but we shouldexpand about one of the minima in the Landau potential. Expanding only to se
ondorder again gives a Gaussian theory whi
h is diagonal in the Fourier 
omponents.This approximation is illustrated in Fig. 10.3.3.1 Important tool: the Gaussian modelThe Gaussian model, Fb=0[�k℄ = 12 Z ddk(2�)d (a + gk2)j�kj2; (69)is a trivial, solvable model be
ause ea
h Fourier 
omponent is independent. It alsohelps that we 
an write Gaussian integrals in 
losed form. So we easily �nd thepartition fun
tion to be Z /Yk T l�d(a+ gk2) ; (70)where l = ��1 is the small length 
ut-o� (dis
reteness of underlying latti
e), and thefree energy density is f = �T Z ddk(2�)d ln T l�d(a+ gk2)! (71)(with an upper limit to the integral at k = �), whi
h is analyti
 for all a > 0. Thereis 
learly no symmetry breaking in this model, with h�i = 0. We will be interestedin 
u
tuations around this average. For a given k and k0 we have the 
orrelation,h�k��k0i = 2(2�)dÆd(k� k0)T 1(a + gk2) : (72)This is of 
ourse just a restatement of the equipartition theorem.24



3.3.2 Correlations in the Gaussian modelBa
k in real spa
e, we de�ne the 
orrelation fun
tion between 
u
tuations as,S(r� r0) � h[�(r)� h�(r)i℄ [��(r0)� h��(r0)i℄i= h�(r)��(r0)i � h�(r)i h��(r0)i= G(r� r0)� j'j2; (73)where the stru
ture fun
tionG(r�r0) = h�(r)��(r0)i is often 
alled the propagator and' = h�i is the order parameter, and is zero in this system (where a is positive). The
orrelation fun
tion should always go to zero at large distan
es, so that a measure oforder in the system is the long-length behaviour of the propagator: If the propagatorgoes to zero then the system 
an only have short-range order. If the propagatorgoes to a non-zero 
onstant at large distan
es, then we must have a non-zero orderparameter, and the system has long-range order.For the propagator we use the Fourier transform to �nd,9G(r� r0) = h�(r)��(r0)i = 2T Z ddk(2�)d eik�(r�r0)(a+ gk2) : (75)To gain some intuition on this integral, we should s
ale out the parameters. De�ningthe length s
ale �(T ) by g=a(T ) = �2(T ), and integrating over a dimensionless variableq = k� we have G(r) = 2Ta�d Z ddq(2�)d eiq�r=�(1 + q2) : (76)The integral is well behaved at small q. At large q without the exponential the integralwould only be 
onvergent for d = 1. For d = 2 there would be a log divergen
e, whilefor higher d there would be an algebrai
 divergen
e. Clearly this divergen
e is 
uto� by the exponential fa
tor. As the exponential goes to 1 when r goes to zero, the
orrelation fun
tion should \diverge" at small distan
es. In fa
t the divergen
e willbe 
ut o� by the dis
retization length l. For large distan
es r > �, the exponential isos
illating mu
h faster than any other variations, and the 
orrelation fun
tion shouldfall rapidly to zero (in fa
t exponentially). This behaviour is demonstrated if weexpli
itly 
al
ulate the integral for dimensions one, two and three, with the results:Gd=1(r) = Ta� e�r=�; (77)Gd=2(r) = T�a�2K0 (r=�) ; (78)Gd=3(r) = T4�a�2 1re�rj=�: (79)(K0(x) is a modi�ed Bessel fun
tion that is logarithmi
 for small arguments andexpoonentially de
aying for large arguments.) In higher dimensions we will get the9Noti
e that for a generalized n-ve
tor model with �(r) = [�1; �2; : : : ; �n℄ the only 
hange is inthe prefa
tor proportional to n,h�(r) � �(r0)i = nT Z ddk(2�)d eik�(r�r0)(a+ gk2) : (74)25



same exponential de
ay at large distan
es with the 
hara
teristi
 length always �(T )whi
h diverges as a(T ) ! 0. At small distan
es the algebrai
 divergen
e is 
uto� so that the average 
u
tuation at a given point in spa
e is determined by thedis
retization length, G(0) = Dj�(r)j2E � Ta�2ld�2 : (80)Noti
e that a�2 = g so that these 
u
tuations do not diverge as a ! 0 (apart fromin 1D, but we know there is no transition in this 
ase).The Gaussian model 
an be a good approximation to the full phi-four theory forpositive a as long as the 
u
tuations hj�(r)j2i are small enough that ahj�(r)j2i �bhj�(r)j2i2. From the above result this gives the 
ondition on temperature,T � agld�2b : (81)However, if we in
lude the temperature dependen
e a = a0(T � T
), we �nd that the
ondition is a
tually for high temperatures,T � T
1� x; (82)where x = b=a0gld�2 must be less than one for the Gaussian approximation to apply.Therefore, perhaps surprisingly, it is the high temperature limit where the Gaussianapproximation works best.3.3.3 Gaussian approximation at low temperatures: Absen
e of orderedphase with 
ontinuous symmetry in one and two dimensionsWe now 
onsider the problem (66) again, this time with positive b and negative a.Then the minimum Landau free energy is at � = �0 = qjaj=b, where we have madethe arbitrary 
hoi
e of phase su
h that �0 is real. To look at 
u
tuations around thisminimum we write the order parameter as � = �0(1 + Æ)ei�. Noti
e that 
u
tuationsin the phase � only 
ost energy from the spatial variation, so that the energy goesto zero as the wavelength of a phase ex
itation goes to in�nity. Su
h a \massless"mode will always exist if there is a 
ontinuous symmetry breaking, and is 
alled aGoldstone mode. The energy of su
h Goldstone modes 
an be written in the form ofan \elasti
 hamiltonian", FL[�℄ = "2 Z ddr j�r�j2; (83)for some elasti
 sti�ness ".Question 4Show that in the small Æ and � limit,FGL [Æ; �℄ = Z ddr jaj2b Æ2 + gjaj2b nj�xÆj2 + j�x�j2o ; (84)so that the elasti
 sti�ness of the phase 
u
tuations is " = gjaj=b. Cal
ulatethe propagator for the phaseG�(r) = h�(r)�(0)i = T" Z ddk(2�)d eik�rk2 : (85)26



for dimensions 1, 2, and higher. Then, ignoring the 
ontribution from GÆ(r)and using the property of Gaussian distributions10 to write Dei[�(r)��(0)℄E =e� 12h[�(r)��(0)℄2i, show that,11
G(r) = 8>>>>>>>><>>>>>>>>:

�20e� T"� r; d = 1;�20 �rl �� T2�" ; d = 2;�20 exp hT" 
drd�2 � T" 
dld�2 i ; d � 3: (86)
These results, and the ones for T > T
, are summarized in Fig. 11. For d = 1 thepropagator de
ays exponentially with a 
orrelation length ��(T ) = "�=T � gjaj=bT ,and the system only has short range order at all non-zero temperatures. For d = 2,while the propagator goes to zero at large distan
es, implying the la
k of long-rangeorder, the de
ay is \algebrai
". This means that there is no 
hara
teristi
 length s
aleto the 
orrelations. This algebrai
 order is known as \quasi-long-range order". Forall higher dimensions we see the propagator goes to the 
onstant non-zero value ofG(r ! 1) = exp[�
dT="ld�2℄, and the system has long-range order. To summarizewe say that the O2 [or U(1)℄ broken symmetry has a lower 
riti
al dimension of dl = 2.Note that this is higher than for the Ising symmetry: the 
ontinuous symmetry makesthe e�e
t of thermal 
u
tuations more violent. We will have more to say about thespe
ial 
ase of two dimensions in Se
tion 3.3.4 and again in Le
ture 6.Similar reasoning for a lower 
riti
al dimension applies for all systems with one ormore 
ontinuous symmetries, where you 
an write the energy of ex
itation waves inthe elasti
 form of (83). However, note that the algebrai
 quasi-long-range order in2D does not o

ur with 
o-dimensions of the 
ontinuous symmetry greater than one[e.g. for the 
lassi
al spin system, with an O(3) symmetry℄.Noti
e that the destru
tion of symmetry breaking 
ame from a divergen
e in thepropagator integrals at small k. In other words the la
k of 
ontinuous symmetrybreaking at or below two dimensions is due to the thermal a
tivation of the low-energy long-wavelength modes (Goldstone modes).3.3.4 Can there be a phase transition at the lower 
riti
al dimension?For d = 2 
ompare the 
orrelations at low temperature,GT!0(r) = �20 �rl �� T2�" ; (87)10If we have a distribution P (x) = e�x2=2� so that hx2i = � then we 
an write heixi =z�1 R dx e�x2=2�eix = z�1 R dx e� 12� (x�i�)2e��=2 = e�hx2i=2.11These results were �rst derived by T.M. Ri
e, Phys. Rev. 149, A1889 (1965), who used them toshow that there is no long-range order in super
uids and super
ondu
tors in one and two dimensions.A more rigorous quantum me
hani
al derivation was then published by P.C. Hohenberg, Phys. Rev.158, 383 (1967), and for ferromagneti
 order in spin systems by N.D. Mermin and H. Wagner, Phys.Rev. Lett. 17, 1133 (1966). Although Hohenburg probably in
uen
ed Mermin and Wagner, and thetwo papers were submitted at similar dates, the di�erent years of publi
ation has led many peopleto attribute the statement of \no ordered state at nonzero temperature in one and two dimensions"to the last paper, but we shall name it the \Hohenburg-Mermin-Wagner" theorem.27
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Figure 11: The propagator G(r) = h�(r)��(0)i of the 
omplex-s
alar order paramterwithin the Gaussian approximation. The results are shown for temperatures belowand above the mean-�eld transition temperature T
 where the quadrati
 prefa
tor a
hanges sign. Results are shown for one, two and three dimensions. Note that onlyfor three dimensions at low temperatures does the propagator go to a non-zero valueat large r (i.e. there is an ordered phase.) Above T
 there is always a �nite 
orrelationlength above whi
h the propagator goes exponentially to zero. This is also true atlow temperatures for d = 1. For low temperatures in the two dimensional 
ase, whilethe propagator goes to zero, it has an algebrai
 dependen
e with no 
hara
teristi
length; this behaviour is known as quasi-long range ordered.
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to the 
orrelations at high temperature,GT!1(r) = T�a�2K0 (r=�) � T�a�2 e�r=�; (88)where there is a 
hara
teristi
 length s
ale, � = qg=a. This means that there mustbe a phase transition between the two forms. Either the transition is sharp, o

uringat a parti
ular value of �, or the transition is 
ontinuous if � goes to in�nity at sometemperature (from above).12 The 
ontinuous transition is known as the Berezinskii-Kosterlitz-Thouless transition, and is dis
ussed in Le
ture 6.

12This was �rst pointed out by Berezinskii, Sov. Phys. JETP 32, 493 (1971).29



Le
ture Four4 Field Theory of Phase TransitionsIn this le
ture we �rst look at the e�e
t of 
u
tuations within the Gaussian approx-imation as we get 
loser to T
. We will �nd that these 
u
tuations do not 
hangethe predi
tions of mean-�eld theory 
lose to T
 only if the dimension is greater then4. When 
u
tuations are important, we need then to look at the 
orre
tions to theGaussian model. We therefore develop the perturbation theory in the quarti
 termof the Landau free energy for T > T
. By analysing the diagrams that representthis perturbation series, we will see that the series is divergent 
lose enough to T
 ford < 4, whi
h ruins our 
han
e for a straightforward analysis of the phase transition.4.1 Destru
tion of mean-�eld theory by 
u
tuations near the
riti
al point4.1.1 Gaussian approximation below T
 and above dlWe will look at the Landau free energy for a real s
alar order parameter,FL[�(r)℄ = Z ddr "a2�2 + b4�4 + g2 j�r�j2# : (89)Let us assume we are above the lower 
riti
al dimension and there is a spontaneoussymmetry breaking below T
. We break the symmetry by 
hoosing the minimum ofFL, �0 = +qa=b (90)We write �(r) = �0 + u(r) in the Landau free energy,FL = F0 + Z ddr "jaju2 + b�0u3 + b4u4 + j�xuj2# : (91)The Gaussian approximation is then just,FG = Z ddr hjaju2 + g j�xuj2i ; (92)and the propagator for 
u
tuations u is,Gu(r) = T Z ddk(2�)d eik�r2jaj+ gk2 � Tg 
drd�2 e�r=�u; (93)with 
orrelation length �2u = g=2jaj. For the full propagator we then have,G(r) = h�(r)�(0)i = �20 + CdTg e�r=�urd�2 : (94)
onsistent with an ordered phase for d � 2.
30
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Figure 12: Snapshot of the pro�le of the order parameter in the ordered phase at somenonzero temperature. The random 
u
tuations are 
hara
terized by a typi
al lengths
ale � over whi
h the order parameter tends to return to the average value. Thedashed line shows the value of �
oh, the value when 
oarse-grained over the length �.4.1.2 Gaussian 
u
tuations in the ordered phaseA typi
al snaphot of the 
u
tuating order parameter in the ordered phase is shown asthe full line in Fig. 12. Noti
e the extent to whi
h the 
u
tuations are 
orrelated, sothat a typi
al ex
ursion away from the mean value o

urs over a length s
ale of order�. Also shown as the dashed line is the same order parameter when \
oarse-grained"up to the length s
ale �. We de�ne this as the \
oherent" order parameter,�
oh(r) = ��d Zjr0�rj<� ddr0�(r0): (95)Noti
e that the mean-square 
u
tuations of �
oh will be less than that of the originalorder parameter �.Depending on the temperature, the 
u
tuations will o

asionally take the orderparameter into the \wrong" phase. As long as we are not in one dimension, theresulting droplets might not destroy the ordered phase. Be
ause we know that � isthe important length over whi
h a domain-wall 
an relax from one phase to another(i.e., from �0 to ��0) we 
an estimate when the e�e
t of these droplets be
omesimportant by 
al
ulating when the width of 
u
tuations of �
oh be
omes of the orderof �0. So when h(Æ�
oh)2i > �20; (96)the e�e
t of Gaussian 
u
tuations should be
ome more important than the mean-�eld predi
ted properties from just sitting in the minimum. From our results for theGaussian approximation, we 
an 
al
ulate this 
ondition using,13h(Æ�
oh)2i = ��2d Zjr0�rj<� ddr0 Zjr00�rj<� ddr00 hÆ�(r0)Æ�(r)i= ��d Zr0<� ddr0Gu(r0)= AdTg ��(d�2): (97)13Compare this result to the total 
u
tuation width, h(Æ�2)i � T=gld�2 � h(Æ�
oh)2i.31



Inserting this in 
ondition (96), with �2 = g=2jaj and �20 = jaj=b gives,AdTg (g=2jaj)�(d�2)=2 > jaj=b; (98)or A0dTbg�d=2 > jaj(4�d)=2; (99)as the regime where Gaussian 
u
tuations will be
ome important. Remembering thatjaj = a0(T
 � T ), we see that for d < 4 there will always be a regime 
lose enoughto T
 so that 
u
tuations 
hange the predi
tions of mean-�eld theory. On the otherhand, for d > 4 the left hand side of (99) will always be smaller than the right handside 
lose enough to T
, so that the e�e
t of 
u
tuations 
an be ignored 
lose to the
riti
al point.4.1.3 Spe
i�
 heat from Gaussian 
u
tuationsThe important e�e
t of 
u
tuations below four dimensions is also seen in the spe
i�
heat 
ontribution of these 
u
tuations. Above T
 we have in the Gaussian model,f = �T2 Z ddk(2�)d ln T l�d(a+ gk2)! : (100)Question 5Show that as T ! T
 from above, the most singular part of the spe
i�
heat 
 = ��2f=�T 2 is given by,
s = 12 Z ddk(2�)d a02T(a + gk2)2 : (101)Evaluate the integral for the 
ases d < 4, d = 4, and d > 4 to show thefollowing behaviours,
s / 8><>: (T � T
)�(4�d)=2; for d < 4ln[(T � T
)=T
℄; for d = 4
onst.; for d > 4 (102)Therefore there is a diverging spe
i�
 heat as T ! T+
 for d � 4. Below T
, theresults are broadly similar, but now we 
an 
ompare to the spe
i�
 heat due to the
ondensation of the order parameter in mean-�eld theory (this is zero above T
).Remember that in mean-�eld Landau theory we had (27),
0 = a02T2b ; for T < T
: (103)Now the Gaussian 
u
tuations have a free energy 
ontribution,14f = �T2 Z ddk(2�)d ln T l�d(2jaj+ gk2)! : (104)14If we had any soft transverse modes, we 
an show that they do not give singular 
ontributionsto the spe
i�
 heat as long as d > dl
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The same pro
edure then leads to the singular 
ontribution to the spe
i�
 heat,
s = a02T 22jaj2 Z ddk(2�)d 1(1 + �2uk2)2= Id2�d0 T 2T 2
 "(T
 � T )T
 #�(4�d)=2 for d < 4; (105)where we have de�ned the zero temperature 
orrelation length by �(T ) = �0(T
 �T )=T
, and Id = (2�)�d R ddq 1=(1 + q2). We have a spe
i�
 heat 
ontribution, 
s,that will always be
ome larger than the 
ontribution from 
ondensing to the orderedphase, 
0, 
lose enough to the 
riti
al point.4.1.4 Upper 
riti
al dimension and the Ginzburg 
riterionUsing the above results we 
an de�ne a temperature, TG, 
lose to, but below T
,above whi
h the Gaussian 
u
tuations be
ome more important than the mean-�eld
ondensation of the order parameter. We 
all this 
riterion the Ginzburg 
riterionafter su
h a temperature was de�ned for super
ondu
tors (Ginzburg 1960). Both ofthe above arguments give a Ginzburg 
riterion of the same form. Using the spe
i�
heat results, we de�ne the Ginzburg temperature as the point where the singularspe
i�
 heat from 
u
tuations is equal to the mean-�eld spe
i�
 heat, whi
h gives,TG = T
 � T
 " Id2�d0
0#2=(4�d) : (106)This is also often written as the relative width of the \
riti
al region" over whi
h
u
tuations are important, �G = (T
 � TG)=T
, whi
h is,�G = " Id2�d0
0 #2=(4�d) : (107)This goes someway to explaining why experimental and theoreti
al results for 
on-tinuous phase transitions in dimensions two and three may have di�erent exponentsthan predi
ted by Landau mean-�eld theory. However, noti
e that a very large valueof the zero-temperature 
orrelation length, or indeed, a large mean-�eld spe
i�
 heatstep, will lead to a very narrow region where 
u
tuations are important. This is espe-
ially the 
ase for most super
ondu
tors, where the 
orrelation length from the zerotemperature theory (Bardeen-Cooper-S
hrie�er 1957) is orders of magnitude largerthan atomi
 spa
ing. On the other hand, using experimental values for super
uid He-lium gives a very large value of �G, so that 
u
tuations are nearly always important.This is why the so-
alled \lambda transition" (a log-divergen
e in spe
i�
 heat) was�rst found in the super
uid to normal transition of Helium.4.2 Perturbation theoryHaving demonstrated that Gaussian 
u
tuations be
ome important near T
 for d < 4,we then have to worry about whether the 
orre
tions to the Gaussian model be
omeimportant. We will therefore develop the perturbation theory for the quarti
 termin the Landau free energy that we ignored in the Gaussian approximation. As thestatisti
al averages for any physi
al quantity, will 
ontain FL in the exponent, our33



expansion around the Gaussian model (for a > 0, i.e., as in Se
tion 3.3.1, but for as
alar �) 
onsists of expanding the exponential,e��(FG+F4) = e��FG " 1Xm=0 (��)mm! (F4)m# ; (108)where FG is given in (92), andF4 = b4 Z ddr �4(r) (109)= b4 Z ddk1(2�)d ddk2(2�)d ddk3(2�)d �k1�k2�k3��k1�k2�k3:As F4 / b, we might think this a good expansion as long as b=T is small. (This isof 
ourse wrong, as we still have to in
lude the integral in the expansion. We will
onsider this later.)We 
an now write the partition fun
tion using this expansion,Z = Z D�e��(FG[�℄+F4[�℄)= Z0he��F4i0 = Z0 1Xm=0 (��)mm! h(F4)mi0; (110)where Z0 is the partition fun
tion of the Gaussian model, and h: : :i0 represents anaverage within this Gaussian model. Similarly, we 
an write the average of a generalquantity A[�℄ hAi = Z D�A[�℄e��(FG[�℄+F4[�℄)= hAe��F4i0he��F4i0 = P1m=0 (��)mm! hA(F4)mi0P1m=0 (��)mm! h(F4)mi0 (111)4.2.1 Cal
ulating the average of produ
ts of � in the Gaussian modelWe have already 
al
ulated the average of pairs of �elds in the Gaussian model. Forexample,h�k1�k2i0 = (2�)dÆd(k1 + k2) Ta+ gk21 � (2�)dÆd(k1 + k2)G0(k1); (112)where we de�ne G0(k1) as the propagator in the Gaussian model. Now 
onsider theaverage arising in the �rst-order 
orre
tion to the partition fun
tion,hF4i0 = b4 Z ddk1(2�)d Z ddk2(2�)d Z ddk3(2�)d Z ddk4 Æd(k1+k2+k3+k4)h�k1�k2�k3�k4i0: (113)We therefore need the Gaussian average of a produ
t of four �'s. We 
an �nd thisusing the general rule for a produ
t of n terms,gn � h�k1�k2 : : : �kni0 = 8>>><>>>: 0; if n is odd.sum of produ
ts of pairwise averages for all possiblepairings, if n is even. (114)34
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Figure 13: De�nition of the building blo
ks of the diagrammati
 representation ofperturbation theory. (a) shows a line that represents the pairing of two �elds. (b)is the vertex from an instan
e of F4, with a 
onstraint on the sum of the momentaentering.
Z = Z 0( 1  +          )Figure 14: Diagrammati
 representation of the �rst-order expansion of the partitionfun
tion.(The proof is through the properties of a Gaussian distribution.) We therefore have,using (112),h�k1�k2�k3�k4i0 = (2�)2d hG0(k1)Æd(k1 + k2)G0(k3)Æd(k3 + k4) + : : : (3 permutations)i :(115)As the labels on the integrals in (113) 
an be swapped, ea
h permutation gives thesame 
ontribution so that we get,hF4i0 = 3b4 Z ddk(2�)d Z ddk0(2�)dG0(k)G0(k0) = 3b4 "Z ddk(2�)dG0(k)#2 : (116)Note that the integral is 
onvergent at the lower limit as a! 0 as long as d > 2.4.2.2 Diagrammati
 representation of perturbation theoryFor higher order terms it is 
learly going to be diÆ
ult to keep tra
k of the di�erentpairing of �'s. The human brain �nds it easier to view the problem topologi
ally, i.e.by drawing diagrams. The 
onvention is that a straight line represents the pairingof two �elds, for
ing them to 
arry equal and opposite momenta (see Fig. 13a). Theother 
ondition 
omes from the delta fun
tion in the quarti
 term [seen in (113)℄,whi
h for
es a 
onservation of momentum for the four �elds that \belong" to a givenintera
tion term. This 
onstraint is given diagramati
ally by a vertex with four legs(Fig. 13b), where we know that the sum of momenta 
oming out of the vertex mustbe zero. For example the diagrammati
 representation of the perturbation series forthe partition fun
tion to �rst order is given in Fig. 14. The only diagram 
orrespondsto the result (116).
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(a) (b)Figure 15: The two diagrams appearing to �rst order in the numerator of the propaga-tor expansion. (a) The \
onne
ted" diagram where the two external �elds are pairedwith �elds inside F4. (b) The \dis
onne
ted" diagram where the external �elds pairwith ea
h other.
+=

+ +

+

G (k)0G(k)

Figure 16: The perturbation series for the propagator to se
ond order in b.4.2.3 Perturbation expansion for the propagatorWe now use the above results to 
al
ulate the propagator,h�k1�k2i = P1m=0 (��)mm! h�k1�k2(F4)mi0P1m=0 (��)mm! h(F4)mi0 : (117)Consider the �rst term in the numerator. We see that we 
an either pair the twoexternal �elds �k1 and �k2 with ea
h other, or ea
h one must be paired with a �eldinside the expression for F4. In ea
h 
ase there are 12 permutations that give thesame result, so we �nally get,h�k1�k2F4i = (2�)dÆd(k1 + k2)3b "G0(k1)G0(k1) Z ddk0(2�)dG0(k0) (118)+G0(k1) Z ddk0(2�)dG0(k0) Z ddk00(2�)dG0(k00):#The two 
ontributions are shown as diagrams in Fig. 15. To be 
onsistent, we also needto expand the denominator to the same order, where we pi
k up the 
ontribution of(116). When we also expand this denominator using (1+x)�1 = 1�x+O(x2), we seethat the produ
t of this partition fun
tion 
orre
tion with the Gaussian propagatorexa
tly 
an
els the 
ontribution of the term in (118) 
orresponding to the diagram inFig. 15b, i.e., the term in the expansion of the numerator whi
h has separate partsdisappears when we in
lude 
orre
tions to the partition fun
tion. It turns out that thisis a general rule,15 that all of the denominator 
orre
tions just have the e�e
t to 
an
el15We don't prove this \linked-
luster theorem" here, but see, S.-K. Ma, Modern Theory of Criti
alPhenomena (Addison-Wesley 1976) p. 293; D.J. Amit, Field Theory, the Renormalization Group,and Criti
al phenomena (World S
ienti�
, 1984) p. 60.36
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+= + + + ...(a)

(c) ...+++=Figure 17: (a) Colle
ting the diagrammati
 series into a geometri
 series of identi
alblo
ks. (b) Resumming the geometri
 series. (
) The blo
k is de�ned as the set of
onne
ted diagrams with two missing legs. The 
ontributions to order b2 are shownhere.those diagrams in the numerator made from a produ
t of \dis
onne
ted diagrams".The end result is a diagrammati
 series of all possible \
onne
ted diagrams". Forexample in Fig. 16 we show the diagramati
 series to order b2 for the propagator,G(k).4.2.4 Apparent divergen
e near T
 of individual terms, avoided by Dysonresummation to self-energy formulationConsider the 1st-order 
orre
tion to G(k), i.e., the term arising from diagram 15a.This is,ÆG(1)(k) = 3bT G0(k)G0(k) Z ddk0(2�)dG0(k0) = 3bT 2 1(a+ gk2)2 Z ddk0(2�)d 1(a+ gk2) : (119)As a! 0 the integral is 
onvergent for d > 2, to give,ÆG(1)(0) � bT 2a2gld�2 � (T � T
)�2 (120)whi
h diverges faster than the zeroth-order termG0(0) = T=a � (T�T
)�1. The samefa
tor of 1=a will appear in higher order diagrams as extraG0's are inserted. Thereforethe series is apparently divergent as T ! T
. However, this form of divergen
e iseasily resummed, as it basi
ally takes the form of a geometri
 series, as is shown inFig. 17a. The building blo
k that repeats itself is known as the self-energy �(k).After resumming, the perturbation series takes the form (as in Fig. 17b),G(k) = G0(k) +G0(k)�(k)G(k): (121)Multiplying both sides by G�1G�10 tells us that the 
orre
tion to the inverse of thepropagator is just the self-energy,G�1(k) = G�10 (k)� �(k); (122)(where G�10 (k) = (a + gk2)=T ). This is known as the Dyson equation. The �rst twoorders in the expansion of the self-energy are shown in Fig. 17
. The problem of37



+Figure 18: Demonstration of the pro
edure to generate some of the next-higher orderdiagrams from a given diagram. The extra fa
tor that results diverges as T ! T
 ford � 4.�nding the propagator in the presen
e of a quarti
 intera
tion is therefore redu
edto the problem of �nding the self-energy. However, we noti
e that the extra fa
tor ofG0 has mira
ulously dissappeared from the 
orre
tion to the inverse propagator. Forexample, the �rst-order 
orre
tion to G�1(k) is,�(1)(k) = b Z ddk0(2�)d 1(a+ gk02) ; (123)whi
h stays �nite as a! 0 as long as d > 2.4.2.5 Relative divergen
e of su

essive terms in self-energy expansionnear T
: reappearan
e of Ginzburg 
riterionConsider the se
ond and third term in the self-energy expansion in Fig.17
. Noti
ehow they ea
h 
ontain the same fa
tors as the �rst diagram, together with an extra\bubble" that 
ontains two fa
tors of G0 and a vertex. Seeing as the vertex onlymakes one 
onstraint on momenta, this means that we have one extra integral overtwo propagators. In fa
t, from any diagram, we will be able to 
onstru
t new higher-order diagrams by repla
ing ea
h vertex with su
h a bubble (see Fig. 18), thus alwaysintrodu
ing more and more fa
tors of,b� Z ddk0(2�)d [G0(k0)℄2 � "(T � T
)T
 #(d�4)=2 : (124)Therefore, as T ! T
, ea
h order in perturbation theory has terms with an extrafa
tor of (T � T
)(d�4)=2 
ompared to 
orresponding diagrams in the order below.Note, however, that we 
annot do a similar Dyson resummation in this 
ase, asmore topologi
ally 
omplex diagrams are 
reated by this pro
edure. This means thatperturbation theory be
omes unde�ned when this fa
tor is large. We 
an only usethe expansion when d > 4, or when d < 4 and T > TGi.16
16The 
ase d = 4 is spe
ial, as the extra fa
tor from the bubble is only logarithmi
ally divergent.This allows 
ertain resummation tri
ks to be used to �nd the behaviour near T
 at the upper 
riti
aldimensions, see A.I. Larkin and D.E. Khmelnitskii, Sov. Phys. JETP 29, 1123 (1969).38



Le
ture Five5 S
aling and Renormalization Group Approa
hIn this le
ture we start with an overview of the 
on
ept of s
ale invarian
e in the
ontext of the 
riti
al point, and its relation to the result of 
oarse-graining. Wethen review the de�nition of 
riti
al exponents near a 
ontinuous phase transition,and relate the existen
e of universal non-mean-�eld exponents. Finally we introdu
ethe renormalization group (RG) transformations, the knowledge of whi
h allows onein prin
iple to 
al
ulate the 
riti
al exponents. As examples we shall derive the RGequations for the Gaussian model, and look at the 
orre
tions to lowest order in an� = 4� d expansion.5.1 Power laws and s
ale-invarian
eConsider the power-law de
ay of the 
orrelation fun
tion for a U(1) order-parameterin two dimensions at low temperatures [see the d = 2 result in (86)℄,G(r) = A�rl ��� : (125)If we 
onsider a s
ale transformation with r ! r0 = r=�, then we 
an write the
orrelation fun
tion G0(r0) � G(r) asG0(r0) = A���  r0l !�� ; (126)i.e. the two fun
tions are the same to within a multipli
ative fa
tor, G0(r) = ���G(r).Now 
onsider the 
orrelation fun
tion in three dimensions above the transitiontemperature [see (79)℄, G(r) = Cr e�r=�: (127)This fun
tion 
learly does not have the same s
ale-invariant properties, as there is a
hara
teristi
 length �. On the other hand, for distan
es mu
h less than � we do seemto have e�e
tively s
ale-invariant 
orrelations.These ideas are visualized in Figs. 19 and 20,17 where we see snapshots of a 2DIsing model, and su

essive \
oarse-grainings". In Fig. 19a we see the system justabove T
 with no net magnetization, but 
orrelated 
u
tuations. As the system is
oarse-grained, the 
orrelation length 
ows towards the 
ut-o� s
ale, and the systemlooks more like a very high temperature state. Similarly in Fig. 19b the �rst pi
tureshows a snapshot just below T
. Here there is a net magnetization, but with domainsof opposite sign with a typi
al s
ale. As we 
oarse-grain, this typi
al s
ale 
ows tozero, and the system looks like its low temperature limit.Finally, Fig. 20 shows repetitive 
oarse-graining at exa
tly the 
riti
al tempera-ture. This is a state with power-law 
orrelations, so that the general properties of thesystem are not 
hanging with the 
oarse-graining. We see that the low-temperatureand high temperature limits (with zero 
orrelation length) and the 
riti
al tempera-ture (with in�nite 
orrelation length) are \�xed points" of the 
oarse-graining pro
e-dure.17Taken from A. Bru
e and D. Walla
e, in The New Physi
s, ed. P. Davies (Cambridge UniversityPress, 1989). 39



Figure 19: Coarse-graining pro
edure on snapshot 
on�gurations in the 2D Isingmodel (a) for T > T
 and (b) for T < T
. Note how after many 
oarse-grainings thesystem starts to look more like the zero or in�nite temperature limit.
40



Figure 20: Same 
oarse-graining pro
edure but on a snapshot 
on�guration at exa
tlyT = T
 for the 2D Ising model. This demonstrates the \self-similarity" of the 
riti
alstate, with its power-law 
orrelations, i.e. ea
h su

essive 
oarse-grained pi
ture looksqualitatively the same as previous pi
tures, and there is not a single 
hara
teristi
length s
ale. 41



5.2 Criti
al ExponentsSo far we have mostly looked at mean-�eld theory or the Gaussian approximation.However, in these examples we saw the general property of 
ontinuous phase tran-sitions, whi
h is the power-law dependen
e on 
riti
al parameters of many physi
alquantities. Therefore, 
ontinuous transitions are 
hara
terized by exponents, whi
hwe know are often di�erent from the \
lassi
al" (i.e. mean-�eld) values. Noti
e thatthese power-law dependen
es also hint at some \s
ale-invarian
e" of the 
riti
al pa-rameters.5.2.1 Mean-�eld exponentsLet us remind ourselves of the 
hara
teristi
 exponents in the Landau mean-�eldtheory, and at the same time de�ne the 
onventional notation of greek symbols forthese exponents.Spontaneous magnetization exponent, �We have seen that the order parameter vanishes at T
 with the behaviour,j�j =  a0(T
 � T )b !1=2 : (128)Writing this in the general form, j�j = A��; (129)where � = (T
 � T )=T
, de�nes the exponent �, whi
h therefore has the Landaumean-�eld value, � = 12 : (130)Sus
eptibility exponent, 
Similarly, if we de�ne an exponent 
 by,� � ���h �����h!0 = C��
; (131)then the Landau mean-�eld theory has the value,
 = 1: (132)Criti
al isotherm magnetization exponent, ÆIf we remain at T = T
, and 
onsider how � vanishes as h! 0, we 
an write,limh!0; T=T
 � = Dh1=Æ; (133)and the Landau theory gives Æ = 3: (134)Correlation length exponent, �We have also seen the 
hara
teristi
 length � diverging at T
. In general we write thisas � = �0 �T � T
T
 ��� ; (135)42



and within Landau theory, � = 12 : (136)Heat 
apa
ity exponent, �Although there is only a step in the spe
i�
 heat at the 
riti
al point in Landautheory, in general we will see that there 
an be a divergen
e in 
. We therefore de�ne� by, 
 / ���; (137)but with the trivial value in mean-�eld theory,� = 0: (138)5.2.2 Exponents from mean-�eld theory plus Gaussian 
u
tuationsWithin the Gaussian approximation that we have 
onsidered in the previous le
tures,there is no 
orre
tion to the size of the order parameter. Also, the 
orrelation length
hara
terizing the 
u
tuations has the same temperature dependen
e of the mean-�eld 
oheren
e length. On the other hand, the 
u
tuations do give a diverging spe
i�
heat for d < 4. Therefore the Gaussian exponents below the upper 
riti
al dimensionare, � = 4� d2 ; � = 12 ; 
 = 1; Æ = 3; � = 12 : (139)5.2.3 Exponents from exa
t solution of 2D Ising ModelThe exa
t solution of the 2D Ising model (Onsager 1944) gives the following exponents(de�ned in the same way as the above mean-�eld results),� = 18 ; 
 = 74 ; Æ = 15; � = 1: (140)All of these are di�erent from their mean-�eld 
ounterparts. In addition, the spe
i�
heat of the 2D Ising model has the behaviour near the transition temperature,
 � 
0 ln j1� T=T
j: (141)While this stri
tly 
orresponds to an \exponent" of � = 0, this log divergen
e is verydi�erent behaviour from the mean-�eld result of a jump in spe
i�
 heat.Clearly the mean-�eld Landau theory 
annot hope to des
ribe the real propertiesof this 
ontinuous transition. Onsager's results do not follow the \universal" pre-s
ription that we saw in Le
ture 1. We will see why in this le
ture by looking at theimportan
e of 
u
tuations near the 
riti
al point. Nevertheless it turns out that theexponents of the 2D Ising model are still in some sense universal: they apply for alltwo-dimensional phase transitions with the same broken symmetry (e.g. the latti
egas, or Ising models on di�erent latti
es, or di�erent intera
tions.)5.2.4 Experimental exponentsWhile the Onsager solution destroyed the previous faith in mean-�eld theory and itsuniversal appli
ation, a new puzzle then arrived: There is still some universality inthe value of these exponents: they only depend on the order-parameter symmetry andthe dimension, but not on details of the system. Certainly by 1967 this was a

eptedknowledge when the review18 by Kadano� et al. tabulated exponents from many18L. P. Kadano� et al., Rev. Mod. Phys. bf 39, 395 (1967);43



di�erent experiments. The most striking result were those from di�erent liquid-gas
riti
al points, where despite large variations in T
, the same exponents are found,and whi
h are markedly di�erent from the 
lassi
al values derived in the Van derWaals model in Le
ture 1. Magneti
 systems also show exponents very di�erentfrom the Weiss model predi
tions, although there is some variation between di�erentferromagnets19 whi
h may depend on the di�erent anisotropies of the lo
al moments.Even so, the magnetization exponent � is alway less than 0:38 in three-dimensionalferromagnets. Therefore the task that the renormalization group approa
h solved wasto understand in a systemati
 way how exponents are determined universally, whilebeing very di�erent to the 
lassi
al values.5.3 Renormalization Group TransformationsThe RG (RenormalizationGroup) transformation is just a way to formalize the 
oarse-graining we saw in Figs. 19 and 20. The basi
 idea is that after 
oarse-graining thesystem is transformed to a new system with di�erent values of parameters (external,su
h as temperature and �eld, or internal, su
h as the 
oupling 
onstants that gointo the Landau free energy). The �rst attempt to a
tually 
al
ulate this pro
edurewas due to Kadano�,20 who invented the 
on
ept of blo
k spins as a way of mappinga 
oarse-grained system on to a system with the original Hamiltonian. The generalformulation and signi�
an
e of the RG pro
edure was �rst given by Wilson.21If we de�ne (abstra
tly for now) a 
oarse-graining pro
edure R� (where � is theratio of new 
ut-o� length to old 
ut-o� length), then we should have a \semi-group"stru
ture, R�1R�2 = R�2R�1 = R�1�2 : (142)(It is a semi-group be
ause the inverse 
an not be de�ned.) Now, suppose we have asystem with a Landau free energy of very general form,�FL[�℄ =Xn Knfn[�℄; (143)where Kn are the 
oupling 
onstants for di�erent lo
al fun
tions fn of the �eld � [e.g.,�a, �b, and �g in the Landau free energy (40)℄. Then under a RG transformation,ea
h 
oupling 
onstant will 
hange in a pres
ribed way depending on the value of allthe Kn, fK 0ng = R� [fKng℄ : (144)One example, whi
h is very illustrative is the 2D Ising model, where we 
onsiderthe 
ow under RG operations of the 
ouplings J=T and h=T . The s
hemati
 resultis shown in Fig. 21 Note the presen
e of �ve \�xed points" in the RG 
ow (de�nedas where the RG transformation leaves the 
oupling 
onstants with the same values,fK�ng = R� [fK�ng℄). These are: C{ the 
riti
al point of the 2D Ising model whereall 
ows in the vi
inity of this point take you away; F{ ferromagneti
 �xed point at(h = 0; T = 0), to whi
h all points at h = 0 and T < T
 
ow to; P{ paramagneti
�xed point at (h = 0; T =1). to whi
h all points at h = 0 and T > T
 
ow to; 2�S{sink points whi
h all points with non-zero h eventually 
ow to.19E.g. 
ompare Fe and Ni in Tanaku and Miyatori, J. Appl. Phys. 82, 5658 (1997).20L.P. Kadano�, Physi
s 2, 263 (1966)21K.G. Wilson, Phys. Rev. B 4, 3174 (1971); Phys. Rev. B 4, 3184 (1971).44
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Figure 21: RG 
ow diagram for 2D Ising model (taken from Goldenfeld's book).5.3.1 Fixed PointsWe will now see what we 
an do with an unstable �xed point. By linearizing in thevi
inity of a �xed point we will �nd that the eigenvalues of the RG 
ow give us the
riti
al behaviour, and therefore the 
riti
al exponents, of the system near its 
riti
alpoint.First we make a general statement on the 
orrelation length at a �xed point. Ingeneral after a transformation fK 0ng = R� [fKng℄, the 
orrelation length will haveshrunk by a fa
tor �, �(K 0) = ��1�(K); (145)but at the �xed point fK�ng we must have K 0n = K�n, so that the only solution for the
orrelation length is, �(K�) = 0 or 1: (146)For example in the 2D Ising model we have �(K�) = 0 for S, F, and P, but �(K�) =1for C.Now we expand the 
oupling 
onstants near the �xed point,Kn = K�n + ÆKn: (147)Then we 
an write in general the RG transformation as a linear fun
tion of fÆKng,ÆK 0n =Xm �K 0n�Km �����K=K� ÆKm +O(ÆKm2): (148)The linear transformation for a given � is therefore de�ned by the matrixM�nm = �K 0n�Km �����K=K� : (149)Supposing this matrix to have eigenve
tors ei with eigenvalues �i we 
an write (148)as ÆK0 =Xi ai��i ei; (150)with ai = ei � ÆK, and the RG transformation is determined by the eigenvalues ��i .Note that be
ause of the semi-group stru
ture, we must have the general form,��i = �yi : (151)45



If the eigenvalue exponent yi is positive, then ai grows with � and the 
omponent ofÆK in the ei dire
tion is a relevant perturbation. If yi is negative, then the 
omponentin the ei dire
tion is irrelevant.5.3.2 Unstable �xed point, s
aling laws and 
riti
al exponentsConsider a �xed point with one relevant dire
tion, e.g. temperature. We have T � =R�(T �), and linearizing, R�(T � + ÆT ) = T � + ÆT 0 (152)gives ÆT 0 = �ytÆT: (153)We 
an also write this in terms of the redu
ed temperature, t = (T � T �)=T � to givet0 = �ytt: (154)Now 
onsider the 
orrelation length, whi
h should follow the rule under the RGtransformation T 0 = R�(T ), �(T ) = ��(T 0): (155)Writing this as a fun
tion of redu
ed temperature, and using (154) gives,�(t) = ��(t0) = ��(�ytt): (156)Note that this is a s
aling law. We want to remove the t dependen
e from theargument of the right-hand side. We 
an do this as the result is true for any �(as long as l < �l < �), so we 
an 
hoose � to always take us to the same �naltemperature, i.e. t0 = t0 = �ytt. We 
an then write,�(t) = �t0t � 1yt �(t0); (157)i.e., the 
orrelation length diverges as � � t� 1yt . In (135) we write this exponent as �,so that, � = 1yt : (158)We 
an do something similar for the free energy. This should follow the rule underthe RG transformation T 0 = R�(T ),f(T ) = ��df(T 0): (159)In the same way, we then get another s
aling law,f(t) = ��df(�ytt) = �t0t ��dyt f(t0): (160)From this we get the singular spe
i�
 heat,
s � t dyt�2: (161)The spe
i�
 heat exponent is usually written as �, and we 
an 
ombine results (158)and (161) to �nd � = 2� �d: (162)This is a s
aling relation (known as the Josephson hypers
aling relation). There areseveral su
h relations relating the di�erent exponents in a given universality 
lass.This parti
ular 
ase depends on d, and is noti
eably not satis�ed by the mean-�eldexponents! 46



5.3.3 Fixed point with two unstable dire
tionsQuestion 6Consider a �xed point with two unstable dire
tions t and h (e.g., C for the2D Ising model). Write the free energy s
aling law in terms of the twoeigenvalue exponents yt and yh, and �nd the s
aling of the magnetizationM = �f=�h and the sus
eptibility � = �M=�h. Combine these results toprove the s
aling relation, � + 2� + 
 = 2: (163)It turns out that there are enough su
h s
aling relations that all of the 
hara
teristi
exponents 
an found in terms of just the eigenvalue exponents yh and yt.5.4 RG for Gaussian modelAlthough we have already solved the Gaussian model in Le
tures 3 and 4, we will useit now as a 
on
rete illustration of the RG method. There are three steps to an RGtransformation:1) Coarse-grain: In this example we will 
oarse-grain by integrating out the �elds�q for �=� < q < �.2) Res
ale: To get a system of the same form after 
oarse-graining, we need topush the 
ut-o� ba
k to �, whi
h we do by res
aling q0 = �q.3) Renormalize �elds: we 
an in
lude in the transformation a renormalization�0 = ��, whi
h will give us an extra 
ontrol on the form of the renormalized system.First, 
onsider the general problem,Z = Z Y0<q<� d�qe��FL[�℄: (164)In order to integrate over short-wavelength modes, we de�ne the �elds inside andoutside a \momentum shell" by,�<(q) = ( �(q); for 0 < q < �=�0; otherwise. (165)�>(q) = ( �(q); for �=� < q < �0; otherwise. (166)We then de�ne 
oarse-graining as the partial tra
e over the short-wavelengthmodes, so that, e��F 0L[�<℄ = Z Y�=�<q<� d�qe��FL[�℄: (167)For the Gaussian model, the di�erent modes are un
oupled and we have,e��F 0G[�<℄ = Z> exp "�� Z �=�0 ddq(2�)2 12(a + gq2)j�qj2# ; (168)We now should res
ale to re
over the 
orre
t 
ut-o�. If we also in
lude a �eld renor-malization we get the renormalized Gaussian model,F 0G[�0℄ = ��d Z �0 ddq0(2�)2 12(a + g��2q02)��2j�0qj2: (169)47



That is, the 
oupling 
onstants a and g 
ow to the new values,a0 = ��d��2a (170)g0 = ��2�d��2g: (171)Now, the �eld renormalization de�ned by � is quite general, and we are free to 
hooseit. As we are interested in the 
ow of the 
riti
al parameter a under the s
alingtransformation, we will 
hoose � su
h that g remains �xed, i.e., ��2�d��2 = 1, whi
hleads to the RG equation for the Gaussian model,a0 = �2a: (172)In other words, the temperature eigenvalue exponent is yt = 2. Note that this givesthe 
orrelation length exponent � = 1yt = 12 , as we have previously found for theGaussian model. Also, � = 2 � d� = (4 � d)=2 as we have found before. We 
analso in
lude a �eld term to the Gaussian model, as the modes remain un
oupled. Itis then straightforward to �nd h0 = ��d�h = � 2�d2 h; (173)or yh = 1� d2 . We 
ould use this result to �nd the exponents � and Æ, but they won't
orrespond to the low-temperature Gaussian approximation. The reason22 is that theabove is true for the quarti
 
oupling b = 0, whi
h is a singular limit when a < 0.5.5 In
luding Quarti
 Coupling to Order � = 4� d5.5.1 Dimensional analysis on 
oupling 
onstantsWe now repeat the RG pro
edure as above, but now for the full Landau theoryin
luding quarti
 intera
tions. As a �rst estimate, we 
an look at the 
ow in thequarti
 
oupling 
onstant from just the res
aling and renormalization pro
edures(i.e., not properly integrating out the fast modes �>). From the quarti
 energy,F4[�;�=�℄ = b4 Z ddq1(2�)d ddq2(2�)d ddq3(2�)d �q1�q2�q3��q1�q2�q3 ; (174)we 
an res
ale toF4[�0;�℄ = b4��3d Z ddq1(2�)d ddq2(2�)d ddq3(2�)d �4�0q1�0q2�0q3�0�q1�q2�q3 : (175)In other words, the 
oupling 
onstant b s
ales as,b0 = �4��3db: (176)We �x � as before so that the 
onstant g has no 
ow, �2 = �2+d, so that,b0 = �4�db: (177)This simple argument gives an eigenvalue exponent of yb = 4 � d. In other words,the 
oupling 
onstant is irrelevant for d > 4, but relevent for d < 4. This meansthat the Gaussian �xed point (b = 0) only 
ontrols the phase transition above fourdimensions. This is illustrated in Fig. 22.22It turns out that for a < 0 the 
oupling 
onstant b is \dangerously irrelevant". See Se
tion 12.2.5of N. Goldenfeld, Le
tures on Phase Transitions and the Renormalization Group, (Addison-Wesley,1992). 48
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Figure 22: RG 
ow diagram near the Gaussian �xed point. For d > 4 the 
ows alwayssend b to zero, so it is an irrelevant variable (although the la
k of a solution at a < 0makes b dangerously irrelevent). For d < 4 the 
ow near the �xed point is alwaysto greater values of b, so that the 
oupling 
onstant b is relevant, and the Gaussianapproximation 
annot hold.5.5.2 Integrating out fast modes in quarti
 
ontribution and expandingin bThe full RG pro
edure �rst needs to integrate out the modes in the high monentumshell with �=� < q < �, as in (167). Writing FL = FG + F4, we havee��F 0L[�<℄ = Z Y�=�<q<� d�qe��FG[�℄��F4[�℄= e��F<G [�<℄Z0> De��F4[�℄E0> ; (178)where Z0> and h: : :i0> are averages over the fast modes �> with respe
t to the Gaus-sian weight, e��F>G [�>℄.So as before in Se
tion 4.2, we want to �nd Gaussian averages of the form h(F4)ni0>(after expanding the exponential), the di�eren
e being that in this 
ase we onlyintegrate over short-wavelength modes with �=� < q < �. Therefore we will avoidthe small q divergen
es that appeared in the perturbation series of Se
tion 4.2, andthe expansion is well-de�ned for small b. In order to �nd the �rst 
orre
tion to therenormalization of b, we will need to go to se
ond order in the expansion of theexponential, he��F4i0> = 1� �hF4i0> + 12�2h(F4)2i0> +O(F 34 )= e��hF4i0>+ 12�2[h(F4)2i0>�hF4i20> ℄ +O(F 34 ): (179)Inserting this result in (178) gives to se
ond order in b,F 0L[�<℄ = 
onst. + F<G [�<℄ + hF4i0> � 12� hh(F4)2i0> � hF4i20>i : (180)We will again use Wi
k's theorem to pair up the �elds in an average of a produ
tof �elds, only this time we use the result,h�q1�q2i0> = ( G0(q1)(2�)dÆd(q1 + q2); if �=� < fq1; q2g < �;�q1�q2; if fq1; q2g < �=�: (181)Therefore when we 
alulate hF4i0> , we must pair up the �elds, but treat long- andshort-wavelength modes di�erently. Diagramati
ally, this is shown in Fig. 23, with49
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kFigure 23: The diagrams that 
ontribute to the 
oarse-graining average over thequarti
 
oupling energy hF4i0>. The fast modes that have been integrated out arerepresented by the 
losed loops. The open legs are the �elds left over with q < �=�.
+ + + +

+ +Figure 24: The diagrams that 
ontribute to the 
oarse-graining average to se
ondorder in b, 
oming from [h(F4)2i0> � hF4i20>℄.the result,hF4i0> = 34bT 2I12 + 64bT I1 Z0<q<�=� ddq(2�)d �<q�<�q (182)+ b4 Z0<fq1;q2;q3;q1+q2+q3g<�=� ddq1(2�)d ddq2(2�)d ddq3(2�)d �<q1�<q2�<q3�<�q1�q2�q3 ;where I1 = Z�=�<q<� ddq(2�)d 1(a+ gq2) : (183)The �rst term in (182) just adds a 
onstant. The se
ond term is of the form of thequadrati
 intera
tion, and should therefore renormalize the 
oupling 
onstant a. Thethird term is just the unrenormalized quarti
 
oupling for the modes with q < �=�.The diagrams that 
ontribute to [h(F4)2i0> � hF4i20> ℄ are shown in Fig. 24. Notethat there is a term whi
h gives an intera
tion over six �elds. We will not 
onsiderthis term, as the 
ow of this sixth-order 
oupling 
onstant should be to zero. Thereare also several diagrams that renormalize the quadrati
 intera
tion. However, theseare 
orre
tions to order b2, so we will ignore them to the a

ura
y of this 
al
ulation.Therefore the only diagram we take from Fig. 24 is the one that renormalizes thequarti
 intera
tion. We write this as,hh(F4)2i0> � hF4i20>i = 92b2T 2I2 Z ddq1(2�)d ddq2(2�)d ddq3(2�)d �q1�q2�q3��q1�q2�q3+ other terms;(184)with I2 = Z�=�<q<� ddq(2�)d 1(a+ gq2)2 ; (185)and we have ignored the momentum dependen
e of the bubble when q1 + q2 � �.50



5.5.3 Re
ursion relations for small bFrom (180), (182) and (184) we get the 
ow equations,a0 = �2 [a+ 3bT I1(a;�; �)℄ ; (186)and b0 = �4�d hb� 9b2TI2(a;�; �)i : (187)5.5.4 Evaluating integrals in 4� � dimensionsThe remaining question is how to evaluate I1 and I2 for non-integer dimensions?The answer is that we 
an perform the solid-angular part of the symmetri
 integralin integer dimension, to get a result that is a smooth fun
tion of d for non-integervalues. For example, I1 = Z�=�<q<� ddq(2�)d 1(a+ gq2) (188)= Sd(2�)d Z�=�<q<� dq qd�1 1(a + gq2) ; (189)where Sd = 2�d=2=�(d=2) is an analyti
 fun
tion of d, and the remaining radial integral
an be performed for all d.Question 7Show by expanding for small a and small � = 4� d that,I1 (2�)4S4 = 12g�2 �1� 1�2 �� ag2 ln�+O(a2; �); (190)where S4 = 2�2. Similarly show thatI2 (2�)4S4 = 1g2 ln�+ 2ag2 " 1� � ��# +O(a2; �): (191)[Hint: use limx!0(�x=x) = ln�.℄5.5.5 Re
ursion relations for small a, b and �We will now substitute results (190) and (191) into the 
ow equations (186) and(187). We will keep the terms in I1 up to order a, as this is the same order as therest of (186). However, we only keep the �rst term in I2. We dis
ard all terms in �as these will only give higher order 
orre
tions in � to our 
ow equations:a0 = �2 (a + 38�2 bT " 12g�2 �1� 1�2�� ag2 ln�#) ; (192)b0 = �� "b� 98�2 b2T 1g2 ln�# : (193)To 
ast this in a simpler form, we make the substitutions,~a = ag ; (194)51



and ~b = bTg2 ; (195)to give, ~a0 = �2 �~a + 38�2~b �12�2 �1� 1�2�� ~a ln��� ; (196)~b0 = �� �~b� 98�2~b2 ln�� : (197)Finally, we should expand this last result for small � using �� = e� ln� = 1 + � ln� +O(�2), to give, ~b0 = (1 + � ln�) �~b� 98�2~b2 ln�� : (198)5.5.6 A new �xed pointTo �nd the �xed points of (196) and (198) we 
onsider an in�nitesimal sli
e in mo-mentum spa
e so that � = 1 + d�. We then have~a0 = ~a+ d� �2~a+ 38�2~b ��2 � ~a�� ; (199)~b0 = ~b+ d��~b�� 98�2~b2� : (200)The point ~a = 0, ~b = 0 is just the Gaussian �xed point, whi
h we have shown to beunstable to ~b for positive �. However, we have another �xed point for �nite � as in(200) there is no 
ow in ~b when ~b�� 98�2~b2 = 0 , or~b� = 8�29 �: (201)At this value of ~b� the 
ow in ~a in (199) is zero at 2~a+ 316�2~b (�2 � ~a) = 0, or to order�, ~a� = �16��2: (202)Noti
e that our approximation of small a and b is therefore 
onsistent for this �xedpoint within this � expansion.The existen
e and position of this new �xed point below four dimensions wasfound by Wilson and Fisher.23 Hen
e it is often 
alled the Wilson-Fisher �xed point.The s
hemati
 
ow for small a and b and d < 4 is shown in Fig. 25. We now see thatthe phase transition o

urs when following a path through the a-b plane when thepath 
rosses the dashed line in Fig. 25); this is when the 
ow 
hanges from going tothe positive a sink to the negative a sink. It should be 
lear that the 
riti
al exponentsof this transition are now 
ontrolled by the Wilson-Fisher �xed point rather than theGaussian �xed point.23K.G. Wilson and M.E. Fisher, Phys. Rev. Lett. 28, 240 (1972). See also histori
al re
e
tionsby M.E. Fisher, Rev. Mod. Phys. 70, 653 (1998). Also note that when � = 0 the two �xed pointsoverlap, and this is the marginal 
ase �rst treated by A.I. Larkin and D.E. Khmelnitskii, Sov. Phys.JETP 29, 1123 (1969).
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Figure 25: The RG 
ow diagram within the � expansion for d < 4. The dashed linerepresents the line of 
riti
al points where the phase transition takes pla
e in the a-bparameter spa
e. The 
riti
al exponents are determined by the new Wilson-Fisher�xed point, rather than the unstable Gaussian �xed point.5.5.7 Criti
al Exponents to order �To �nd the 
riti
al exponents, we need to linearize about the Wilson-Fisher �xedpoint. Writing ~a = ~a� + Æ~a and ~b = ~b� + Æ~b, we easily �nd,Æ~a0 = d� �(2� �3)Æ~a+ 38�2�2(1 + �6)Æ~b� ; (203)Æ~b0 = d� ���Æ~b� : (204)Noti
e that the resulting transformation matrix is not symmetri
 (there is no require-ment for it to be so). As one o�-diagonal element is zero, the eigenvalues 
hara
ter-izing the �xed point are simply, �t = �2� �3 ; (205)for the dire
tion of in
reasing a (or t), and�2 = ���; (206)in a dire
tion whi
h is not perpendi
ular to the �rst eigenve
tor. However, we havenow found the important result that the eigenvalue exponent yt = 2 � �3 . Noti
ehow the di�eren
e from the value at the Gaussian �xed point in
reases with �. It ispossible to �nd all of the 
riti
al exponents to �rst order in �. The results are simplyquoted here: � = 1yt = 12 + �12 ; (207)� = 2� �d = �6 ; (208)
 = 1 + �6 ; (209)� = 12 � �6 ; (210)Æ = 3 + �: (211)53



While these results are only valid for small � = 4 � d, if we insert the value � = 1we do get exponents whi
h are 
loser to the 
orre
t value in three dimensions (fromexperiments and numeri
al 
al
ulations) than the mean-�eld predi
itons. It is hopedthat further orders in � will take the results 
loser to the 
orre
t values (although lifeis not always so straightforward...).
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Le
ture Six6 Vortex-Unbinding Transition in the 2D-XYModelIn this le
ture we 
on
entrate on a spe
i�
 model: the XY model in two dimensions.As this model has a 
ontinuous symmetry, we know from Le
ture 3 that there willonly be quasi-long-range order at low temperatures. However there is still a phasetransition from this state to the high-temperature state with short-range 
orrelations,and this transition is known as the Kosterlitz-Thouless vortex-unbinding transition.We will see that a vortex is the important topologi
al defe
t in the XY system, andthat when free vorti
es proliferate due to thermal 
u
tuations, the system loses \spin-sti�ness" and is short-range ordered. Finally we will look at the RG treatment of thisphase transition, and derive a non-trivial 
ow diagram whi
h gives us the 
riti
alproperties near the Kosterlitz-Thouless transition. We will �nd this RG 
ow by �rstmapping the system of vorti
es to the so-
alled Sine-Gordon model, on whi
h we 
anuse a similar method of 
oarse-graining to that used in Le
ture 5.6.1 The XY model in two dimensionsConsider a latti
e of �xed-length spins Sr 
onstrained to rotate only in two dimen-sions. With nearest-neighbour intera
tions the 
lassi
al energy of 
on�gurations is,FXY = �K Xhr;r0iSr � Sr0 = �K Xhr;r0i 
os (�r � �r0) ; (212)where �r is the angle of the spin relative to some �xed axis. (Note that this is thesame as the dis
rete version of a U(1) Landau theory when we are at low enoughtemperatures to ignore amplitude 
u
tuations.) It is important to state that there isno exa
t solution of this model in two dimensions (unlike the 
ase for the 2D Isingmodel). Nevertheless, through a series of reasonable approximations, some detailedand fas
inating predi
tions have been made.6.1.1 Spin-wave expansion at low temperaturesAt small T=K there will only be small distortions between neighbouring sites, andwe 
an expand the 
osine,FXY = 
onst.� K2 Xr Xl (�l�r)2 +O(T 2=K); (213)where l label the neighbouring sites and, �l�r = �r+l � �r. This is now a quadrati
theory, and therefore solvable. With the Fourier transform, �r = (2�)�2 R d2k eik�r�kwe have, FXY = 
onst. +K Z d2k(2�)2 l2Xl (1� 
osk � l) j�kj2: (214)Taking the long-wavelength limit gives the elasti
 form,FSW = K2 Z d2k(2�)2 k2j�kj2: (215)55



Note that we have already studied this problem in Se
tion ??. Using the elasti
 energy(83) we found the propagators (86) for di�erent dimensions. In two dimensions thisgave the result for the spin 
orrelation fun
tion,hSr � Sr0i =  jr� r0jl !�T=2�K : (216)Therefore there is only quasi-long-range order at low temperatures. Note that thes
ale invarian
e of this 
orrelation fun
tion implies that ea
h value of T=K is a �xedpoint, and there is a line of �xed points at low temperatures.6.1.2 High temperature expansionWe brie
y review the high-temperature expansion of the XY model, to show thatthere is short-range order.24 To take the high-temperature limit, we want to expandin powers of �. The XY partition fun
tion is,ZXY = Z Yr00 d�r00e�KPhr;r0i 
os(�r��r0 )= Z Yr00 d�r00 Yhr;r0i e�K 
os(�r��r0 ): (217)The fun
tion e�K 
osx is a periodi
, even fun
tion of x, and 
an be written in a Fourierseries. It is straightforward to show that,e�K 
osx = 1Xn=0 In(�K)einx; (218)where In(x) is a modi�ed Bessel fun
tion with the series expansion,In(x) = 1Xk=0 1k!(n+ k)! �x2�n+2k : (219)If we only keep the lowest order term in �K for ea
h Bessel fun
tion, we �nd thehigh-temperature limit of the partition fun
tion,lim�K!0ZXY = Z Yr00 d�r00 Yhr;r0i 241 + 1Xnr;r0=1 1nr;r0!  �K2 !nr;r0 einr;r0 (�r��r0)35 (220)Performing the integrals over �r00 will only get non-zero results for 
on�gurationssatisfying r�n � Pl nr;r+l = 0. The partition fun
tion is then a 
onstrained sum overpossible 
on�gurations of the integers nr;r0 de�ned on ea
h bond between neighbours,ZXY = Trn Yhr;r0i 1nr;r0!  �K2 !nr;r0 : (221)In the same way we 
an 
al
ulate the 
orrelation fun
tion,hSr1 � Sr2i = Dei(�r1��r2 )E = 1ZXYTr0n Yhr;r0i 1nr;r0!  �K2 !nr;r0 : (222)24See se
tion 4.2.1 of C. Itzykson and J.-M. Drou�e, Statisti
al Field Theory, Vol. 1 (CambridgeUniversity Press, 1989). 56



where the tra
e Tr0 is over 
on�gurations satisfying r � n = Ær;r1 � Ær;r2. The main
ontribution (lowest order in �) 
omes from the links on the shortest path betweenthe two points r1 and r2 having n = 1 with all other links zero. This gives,hSr1 � Sr2i = Yhr;r0i �K2 ! =  �K2 !jr1�r2j=l = e�jr1�r2j=�: (223)Therefore we have an exponential de
ay in the 
orrelation fun
tion, with � = l= ln(2T=K).The di�erent fun
tional forms of the 
orrelation fun
tions at high and low tem-peratures implies that there must be a phase transition between the two behaviours,as was �rst pointed out by Berezinskii,25 who also showed that the low temperaturephase has an in�nite magneti
 sus
eptibility and a rigidity to long-wavelength spindistortions (spin-sti�ness).6.1.3 Separation of longitudinal and transverse 
u
tuations (spin-wavesand vorti
es)Consider the 
hange in spin-angle as we follow a path C,�� = Xhr;r0iC(�r � �r0) � ZC dr � r�r: (224)If C is a 
losed path, then the 
hange in angle must be a multiple of 2�,IC dr � r�r = 2n
�: (225)Note that the fa
t that this result must be un
hanged for small deformations in thepath C, together with Stokes' theorem tells us that (ex
ept for isolated points),r�r�r = 0: (226)Within this 
ontinuum limit, this means that a non-zero result for (225) 
an only beobtained from singular points, whi
h de�ne the \
ore" of a topologi
al defe
t, thevortex. Therefore we should generalize (226) to in
lude singularities of strength nilo
ated at points ri, so thatr�r�r = 2�ẑXi niÆ2(r� ri) � 2�n(r): (227)This de�nes the vortex density n(r).In the 
ontinuum limit, the energy of the system only depends on the spatiallyvarying gradient of phase, r�r. By a quantum-me
hani
al analogy, this gradient looksa bit like a velo
ity, so we write vr � r�r. It will be useful to write this velo
ity asa sum of \longitudinal" and \transverse" parts, vr = vlr + vtr de�ned by,r� vlr = 0;r � vtr = 0: (228)Note that this means that there are no vortex 
ontributions to the longitudinal part,while the transverse part is entirely determined by the positions of the vortex 
ores,vtr = 2� Z ddr0GL(r� r0)r� n(r0); (229)25V.L. Berezinskii, Sov. Phys. JETP 32, 493 (1971); Sov. Phys. JETP 34, 610 (1971).57



where GL(r� r0) is the Green's fun
tion for the Lapla
ian operator �r2.In the low T regime where we have expanded the 
osine, we 
an then separate the
ontributions of transverse and longitudinal parts to the energy FXY = F lXY + F tXY,We then get a \spin-wave" 
ontribution,F lXY = Z d2rK2 jvlrj2 = Z d2rK2 jr�lrj2; (230)and a \vortex" 
ontribution,F tXY = (2�)2K2 Z d2r Z d2r0GL(r� r0)n(r) � n(r0): (231)This 
ontribution is sometimes 
alled the \Coulomb gas" be
ause of the form of thepairwise intera
tions.Our general approa
h then will be to treat separately the spin-wave part from theCoulomb gas (this is only a good approximation at low temperatures). Therefore theXY model redu
es to the problem of solving for the Coulomb gas. We will repose theCoulomb gas in a dis
rete form, with a general 
on�guration given by the number nrof 
harges at the site r, so that the partition fun
tion isZCG =Yr 1Xnr=�1 e��FCG[nr℄; (232)with the 
on�guration energy,FCG[nr℄ = (2�)2K2 Xr Xr0 nrnr0GL(r� r0) +Xr "
n2r (233)where we have in
luded the 
ore 
orre
tion to the energy of ea
h vortex "
, due todetails in the latti
e not 
aptured by the 
ontinuum approximation.6.1.4 Spin-sti�ness and vortex densityThe spin-sti�ness of the system 
an be de�ned by the response to a for
e that triesto impose a relative twist of the spins at the boundary of the system. We 
an de�nea for
e f by in
luding a linear energy gain for the spin twist, �f��, with a relativetwist, �� � h(�L � �0)i = Z L0 dxh�x�xi: (234)The spin sti�ness Ke� is then de�ned by,�� = fKe� : (235)Also note that the energy 
hange in the presen
e of the for
e will be�F = f 22Ke� : (236)For an elasti
 (or harmoni
) theory su
h as (215) for the spin-wave part, the re-sponse is easily derived to �nd a temperature independent spin sti�ness K. However,the XY model also has higher-order (anharmoni
) terms, whi
h for our purposes are58



Figure 26: An example spin-
on�guration in a vortex in the XY model. Noti
e thethe 
hange in angle by 2� for a path that en
loses the vortex 
ore.
aptured in the transverse (vortex) modes (233). By treating longitudinal and trans-verse modes separately, it is straightforward to derive the free energy 
hange in thepresen
e of a twisting for
e,F (f) = F (0) + f 22K + f 22TL2 Z d2r1 Z d2r1hvtr1 � vtr2i+O(f 4) (237)= F (0) + f 22K + 2�2f 2T Z d2r r2hn(r) � n(0)i+O(f 4); (238)where the last line uses the vortex density n(r) = (2�)�1r � vtr. Therefore thee�e
tive sti�ness must be given by,1Ke� = 1K + 4�2T Z d2r r2hn(r) � n(0)i: (239)It turns out that the integral of the vortex-density 
orrelation fun
tion is negative(due to vortex-dipole 
orrelations) so that the net e�e
t of a �nite density of vortex{anti-vortex pairs is to redu
e the e�e
tive spin-sti�ness. One 
an also show that thesame Ke� appears in the exponent for the 
orrelation fun
tion when we in
lude thetransverse modes.6.1.5 Stru
ture and energy of a vortexWe now look at the vortex solution in more detail. For example, 
onsider a vortex
entred at the origin. The phase-�eld will be the solution to,r�r�r = 2�Æ2(r); (240)whi
h has the solution �1r = tan�1(y=x); (241)with a \velo
ity" of, v1r = r�1r = ẑ� r̂r : (242)An example is shown in Fig. 26. The energy of su
h a 
on�guration is given by,F vXY = K2 Z d2rjr�1rj2 = K2 Z d2r 1r2 = �K ln(L=l); (243)59



where we must in
lude the 
ut-o�s in the limits of the integral as the system size, L,and the latti
e length l. Noti
e that a vortex 
osts an in�nite energy in an in�nitelybig system.For more than one vortex, we just add the solutions to (240) for di�erent sour
eterms. This leads to the pairwise dependen
e of the energy given above in (233).As an example 
onsider a pair of oppositely 
harged vorti
es ea
h with a strength n.Writing vr = v1r�r1 � v1r�r2 and using (242) gives the energy of the pair,F pairXY (r� r2) = n2K2 Z d2r ����� r� r1jr� r1j2 � r� r2jr� r2j2 �����2= n2K2 Z d2k(2�)2 jeik�r1 � eik�r2j2k2= 2�n2K ln(jr� r2j=l): (244)So we see that oppositely 
harged vorti
es attra
t, and that a pair only 
osts a �niteenergy (the diverging energy from 
urrents at far distan
es has 
an
elled). This resultagrees with the general form of (233), when we take the 
ontinuum limit GL(r) =(2�)�1 ln(r=L).6.1.6 Single-vortex derivation of Kosterlitz-Thouless transitionNaively, we might suggest that be
ause a vortex 
osts an in�nite energy to put intoan in�nite system, there will never be a �nite density of these obje
ts from thermal
u
tuations. However, this is seen not to be the 
ase when we 
onsider the free energy
hange to add a vortex.26 Assuming that the entropy of a vortex is just the logarithmof the number of pla
es we 
an put it, we getSv = kB ln[(L=l)2℄; (245)and Fv = (�K � 2kBT ) ln(L=l): (246)Therefore we 
an redu
e the free energy by adding a vortex to a vortex-free systemas long as the temperature is above,TKT = �2K: (247)Although the real system be
omes mu
h more 
ompli
ated when we need to 
onsidermore than one vortex, this argument 
ertainly shows that there is an instabilitytowards vortex proliferation at this \Kosterlitz-Thouless" temperature.The fuller pi
ture that has emerged of this Kosterlitz-Thouless transition is onewhere at low temperatures there is a small but �nite density of bound vortex-pairs,whi
h may renormalize the spin-sti�ness, but do not destroy the quasi-long-rangeorder. Above the transition however, ea
h vortex is essentially \free", so that itswanderings lead to violent phase 
u
tuations that kill the algebrai
 order and redu
eit to a short-range order with 
orrelation length of order the average spa
ing of thevorti
es.A detailed derivation of the transition was given by Kosterlitz,27 who used a real-spa
e RG s
aling in the low temperature phase to integrate out small length s
ales.26This argument is due to J.M. Kosterlitz and D.J. Thouless, J. Phys. C 6, 1181 (1973).27J.M. Kosterlitz, J. Phys. C 7, 1046 (1974). 60



y

T / Kπ/ 2Figure 27: S
hemati
 RG 
ow diagram for the XY model, for the parameters y =e�"
=T and T=K. Note that y = 0 is a line of �xed points, whi
h are stable for T <�K=2. The dashed line marks the a
tual phase boundary between a low-temperaturephase with no vorti
es and a high-temperature phase with free vorti
es.The e�e
t of the 
oarse-graining is to renormalize the 
ore energy of a vortex. Inthe low temperature phase, this 
ore-energy 
ows to in�nity, and the e�e
tive 
oarse-grained system has no vorti
es. Above the transition, however, the 
ore energy 
owsto zero, whi
h implies a rush of vorti
es and a breakdown of the ordered phase.Rather than following the Kosterlitz pro
edure, we will derive the same RG 
owdiagram in the next se
tion by mapping the vortex problem to a di�erent model,where a momentum-spa
e RG method 
an be used. For now we just look at theresulting s
hemati
 RG 
ow diagram for parameters T=K versus y � e�"
=T in Fig. 27.Note how the line y = 0, 
orresponding to no vorti
es, is a line of �xed points.Below the temperature T = �K=2 these �xed points are stable to small values of y,whereas above this temperature the �xed points are unstable. For non-zero y, the
ow is always to larger temperatures. Note the 
riti
al line that 
ows to the point(y = 0; T = �K=2). This marks the a
tual phase transition: as the real systemparameters 
ross through this line in the (y; T ) plane, the behaviour swaps from thelow-temperature phase with no vorti
es to the high temperature phase with vorti
es.6.2 The Sine-Gordon model in two dimensionsStarting from the partition fun
tion for the Coulomb gas of (232), we will �nd that ina 
ertain limit it is equivalent to the partition fun
tion for the so-
alled Sine-Gordonmodel, de�ned by the energy fun
tional,�FSG[�℄ = Z d2r �g2 j�r�j2 � J 
os�r� : (248)6.2.1 Duality transformation from Coulomb gas to Sine-GordonWe �rst rewrite the intera
tion part of the Coulomb gas energy (233) in Fourier spa
e,e� 12 (2�)2�KPr;r0 nrnr0GL(r�r0) = e� 12 (2�)2�K 1L2l4 Pk jnkj2GL(k); (249)61



with GL(k) = l2=Pl(1� 
os k � l). Then we introdu
e an auxiliary phase,e� 12 (2�)2�K 1L2l4 jnkj2GL(k) = Ak Z 1�1 d�e 1L2�� 12 j�j2(2�)2�KGL(k)+i 1l2 �nk�: (250)Doing this for ea
h k ve
tor, and then transforming ba
k to real spa
e gives theidentity for the partition fun
tion of (232),ZCG = A00�Yr0 1Xnr0=�11A Z 1�1Yr00 d�r00! e� 12 1(2�)2�KPr;l(�l�r)2+Pr �rnr��"
Pr n2r : (251)The Kosterlitz RG results were obtained in the limit of very large 
ore energy. There-fore we will 
onsider the same limit, the e�e
t of whi
h is �rst to restri
t the allowedvalues of nr to be only [0, �1℄. (the density of sites with jnrj = 2 will be a fa
tor ofexp(��"
) smaller). This allows us to 
omplete the tra
e over nr in (251),1Xn=�1 ei�n��"
n2 = 1 + 2e��"
 
os�: (252)We will label the exponentially small fa
tor as e��"
 � y (this is known as the fuga
-ity), and after reexponentiating we have,Xn ei�n��"
n2 = e2y 
os� +O(y2): (253)In
luding this result in (251) gives the partition fun
tion as a tra
e over the auxiliaryphase only, ZCG = A0 Z 1�1Yr00 d�r00e� 12 1(2�)2�KPr;l(�l�r)2+Pr 2y 
os �r: (254)This is just the form of the partition fun
tion for the dis
rete version of the Sine-Gordon model (248). In fa
t, we 
an write the relationship between the Coulomb gasde�ned by ZCG(�K; �"
) and the Sine-Gordon model ZSG(g; J) as,ZCG(�K; �"
) = A0ZSG( 1(2�)2�K ; 2l2 e��"
) (255)This is known as a duality transformation, where every point in the low-temperaturephase of the Coulomb gas maps to a point in the high-temperature phase in theSine-Gordon model, and vi
e-versa.Our knowledge that there is a phase-transition in the 2D-XY model tells us thatthere must be a phase transition in the 2D-Sine-Gordon model. However, in the se
-ond 
ase the high-temperature phase must be the one with algebrai
 
orrelations andquasi-long-range order. This is 
learly true for the model (248) if J 
an be ignored.So at high temperatures, thermal 
u
tuations in the Sine-Gordon model drive thee�e
tive J to zero (just as the fuga
ity e��"
 
ows to zero in the low-temperatureCoulomb gas). Similarly, at low temperatures we expe
t a �nite 
orrelation length inthe Sine-Gordon model, whi
h in this 
ase is in an ordered phase, with J remaining\relevant" (this 
orresponds to a relevant fuga
ity, or small e�e
tive vortex-
ore en-ergy in the high temperature phase of the Coulomb gas). We will now substitute thishand-waving dis
ussion for an RG 
al
ulation of the Sine-Gordon model.62



6.2.2 Momentum-spa
e RG for Sine-Gordon modelFirst we note that the 
ontinuum a
tion (248) should be de�ned only down to asmall-length 
ut-o� l = 2���1. We will 
oarse-grain in the same way as in Le
ture 5,by separating a shell of small-wavelength modes out of the Fourier transform, i.e.�r = �<r + �>r , with, �<r = R0<q<�=� d2q(2�)2 eiq�r�q;�>r = R�=�<q<� d2q(2�)2 eiq�r�q: (256)Then we 
an write the Sine-Gordon a
tion as a fun
tional of the fast and slow modes,�FSG[�<; �>℄ = Z d2r �g2 j�r�<j2 + g2 j�r�>j2 � J 
os(�<r + �>r )� : (257)To 
oarse-grain, we take a partial tra
e over the fast modes to leave an e�e
tive a
tionof the slow modes,e��F 0SG[�<℄ = Z Y�=�<q<�d�>q e��FSG[�<;�>℄= e� R d2r g2 j�r�<j2 Z Y�=�<q<�d�>q e� R d2r g2 j�r�>j2�J 
os(�<r +�>r )= e� R d2r g2 j�r�<j2Z> DeR d2rJ 
os(�<r +�>r )E> ; (258)where Z> and h: : :i> are averages over the fast modes with respe
t to the Gaussianweight exp(� R d2r g2 j�r�>j2). We have written it in this form so as to be able toattempt the Gaussian averages.6.2.3 Important averages over the fast modesAs we are interested in the small J limit, we we will expand the average in (258) toget,DeR d2rJ 
os(�<r +�>r )E> = 1 + J Z d2r h
os(�<r + �>r )i> (259)+J22 Z d2r1 Z d2r2 D
os(�<r1 + �>r1) 
os(�<r2 + �>r2)E> +O(J3)= eJ R d2rh
os(�<r +�>r )i>+J22 R d2r1 R d2r2hh
os(�<r1+�>r1 ) 
os(�<r2+�>r2 )i>�h
os(�<r1+�>r1 )i>h
os(�<r2+�>r2 )i>i:We therefore need the 
osine average,h
os(�<r + �>r )i> = 12ei�<r hei�>r i> + 12e�i�<r he�i�>r i>= e� 12 g>(0) 
os �<r ; (260)where we de�ned the \fast" propagator,g>(r) = Z0<q<�=� d2q(2�)2 eiq�rg q2 : (261)
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We also need the double 
osine average,D
os(�<r1 + �>r1) 
os(�<r2 + �>r2)E> = 14 nei(�<r1+�<r2 )hei(�>r1+�>r2 )i> + e�i(�<r1+�<r2 )he�i(�>r1+�>r2 )i>++ei(�<r1��<r2 )hei(�>r1��>r2 )i> + e�i(�<r1��<r2 )he�i(�>r1��>r2 )i>o= 12 he�[g>(0)+g>(r1�r2)℄ 
os(�<r1 + �<r2)+e�[g>(0)�g>(r1�r2)℄ 
os(�<r1 � �<r2)i : (262)In
luding these results in the expansion (259) gives,ln �DeR d2rJ 
os(�<r +�>r )E>� = J Z d2r e� 12g>(0) 
os�<r+J24 Z d2r1 Z d2r2 ne�g>(0) he�g>(r1�r2) � 1i 
os(�<r1 + �<r2)+e�g>(0) heg>(r1�r2) � 1i 
os(�<r1 � �<r2)o : (263)At �rst sight, the double integral that appears to se
ond order in J does not look likeit 
an lead to a renormalized a
tion of the form of (248). However, we note that thefun
tion g>(r) should be
ome very small as r gets larger than the new 
ut-o� s
ale, asonly Fourier modes with q > �=� have any weight in the de�nition (261). Thereforethe 
ombination he�g>(r1�r2) � 1i is small everywhere but jr1 � r2j � �=�, and we
an expand it in the di�eren
e of r1 and r2. We do this using the transformationsu = 12(r1 + r2)v = (r1 � r2): (264)Then for small v we write, �<r1 + �<r2 � 2�<u�<r1 � �<r2 � v � �u�<u : (265)We 
an then approximate (263) as,ln �DeR d2rJ 
os(�<r +�>r )E>� = J Z d2r e� 12g>(0) 
os�<r+J22 Z d2r nI1 
os(2�<r ) + I2j�r�<r j2 + 
onst.o ;(266)with I1 = 12e�g>(0) Z d2v he�g>(v) � 1i ;I2 = �14e�g>(0) Z d2v v2 heg>(v) � 1i : (267)Now, we will only 
onsider the lowest-order 
orre
tions in J to the two termsappearing in the a
tion (248). Therefore we ignore for now the term in 
os(2�<r ), andget the result, e��F 0SG[�<℄ = Xe� R d2rh 12 (g+J2I2)j�r�<r j2�Je� 12 g>(0) 
os�<r i: (268)64



6.2.4 RG equations for Sine-Gordon modelEq. (268) tells us the e�e
t on J and g after 
oarse-graining. Of 
ourse for the RGpro
edure, we should also res
ale to get a 
oarse-grained system with the original
ut-o�. After doing this we easily �nd the following RG equations for a given 
oarse-graining of �, J 0 = �2Je� 12g>(0);g0 = g + J2I2(�; g): (269)with I2 de�ned in (267).We 
an make more sense of the dependen
e of I2 if we take the in�nitesimal limitof an RG pro
edure, i.e., we only take out the fastest modes in an in�nitesimal sli
eof width d�, so that g>(r) = Z��d�<q<� d2q(2�)2 eiq�rg q2 ;= 12�gJ0(�r)d�� ; (270)with J0(x) the zeroth-order Bessel fun
tion. Substituting this in (267) gives,I2 = 1g d��5 �2; (271)with the dimensionless 
onstant �2 = (8�)�1 R d2x x2J0(x). We then get the in�nites-imal form of the 
ow equations,J 0 = J  1 + 2d�� ! 1� 14�g d�� ! ;g0 = g  1 + J2�2g2 d��5 ! : (272)Writing J 0 = J + dJ and g0 = g + dg turns this into,dJJ =  2� 14�g! d�� ;gdg = J2�2d��5 : (273)Physi
ally we see that the 
oarse-graining pro
ess leads to an e�e
tive system witheither larger or smaller J depending on the sign of (g� 8�). For small enough g, the
ow is to smaller J , and su

essive RG transformations take the system to a J = 0�xed point, 
orresponding to a system with logarithmi
 roughness in the 
orrelationsin �(r). For large enough g, the 
ow is to larger J , and the 
ow is to a bulk �xedpoint with zero 
orrelation length. Also note that the 
ows always in
rease the valueof g, i.e., the e�e
tive phase sti�ness in
reases with the 
oarse-graining.6.2.5 Kosterlitz 
ow diagramWe now make a few substitutions to 
ast the 
ow equations in a simpler form, as wellas to make them look more like the form that Kosterlitz �rst found. We substitute65



y

xFigure 28: Cal
ulated RG 
ow for small x and y satisfying the equation x2 � y2 =
onst., where the 
onstant depends on the initial parameters before renormalization.If the 
onstant is negative, the 
ow is eventually to large values of y. The 
riti
al lineis when the 
onstant is zero. For a positive 
onstant, and with x < 0, the 
ow is toy = 0.the 
hange in q-spa
e 
ut-o� d� for the 
hange in real-spa
e 
ut-o� dl. Then we get,dJJ =  2� 14�g! dll ;gdg = J2�2l3dl: (274)Now we write x = (1=4�g)� 2, to givedJJ = �xdll ;dx(x + 2)3 = �(4�)2J2�2l3dl: (275)Finally we substitute y = 4�p8�2l2J , so thatdyy = �xdll ;dx(x + 2)3 = �18y2dll : (276)The two important things to noti
e about this set of 
ow equations is that y = 0 isa �xed point for all x (i.e. a line of �xed points), and that x = 0 is also spe
ial inthat it makes dy = 0, (although not dx). For this reason we zoom in on the vi
inityof (x; y) = (0; 0), where we 
an solve the equations. Repla
ing (x+ 2) with 2, allowsus to write, �xy2dll = xdx = ydy; (277)so that solutions must be of the formx2 = y2 + 
onst: (278)In other words, the 
ow near the origin follows the 
urve of a hyperbola. The parti
-ular 
onstant depends on the initial 
onditions, and its sign determines whether the66



system 
ows to y = 0, or to in�nite y. To demonstrate this, the 
ow lines are drawnin Fig. 28.Therefore the phase transition between these two behaviours o

urs when the
onstant is zero, or when the initial 
onditions,x0 = 14�g � 2;y0 = 4�p8�2l2J (279)satisfy x20 = y20. The 
riti
al value of g for the phase transition is therefore,g
 = 1=8� �q�2=2l2J +O(J2): (280)Noti
e the strange result that in the limit J ! 0, the phase transition only dependson the value of g. This means that for g < 1=8�, J is always a relevant pertubation,as is seen in the RG 
ow we have derived.6.3 Properties of Kosterlitz-Thouless transition from RGWe should now think about what the 
ow diagram we have derived for the Sine-Gordon model implies for the XY model. Remember that we have shown the partitionfun
tions to be the same if we take g = 1=(2�)2�K and J = 2l�2e��"
. Therefore we
an write the dimensionless 
ow variablesx = ��K � 2;y = be��"
; (281)with b = 8�p8�2. The 
ow diagram of Fig. 28 is then seen to represent either 
owsto zero fuga
ity at low temperature or to large fuga
ity at high temperature as inFig. 27. The 
riti
al value of temperature where the two di�erent behaviours areseparated is given by, using (280),TKT = �K2 "1� b2e�"
=TKT# : (282)This is a self-
onsistent relation for TKT, that needs to be solved numeri
ally. Noti
ehow, in the limit of very large 
ore energy, this result 
onverges on the simple resultfrom the free energy 
onsideration of a single vortex in Se
tion 6.1.6.In fa
t, a mu
h more 
omplete pi
ture emerges, if we write the e�e
tive spin-sti�ness as given in (239). It turns out that evaluating the vortex-density 
orrelationfun
tion leads to a 
orre
tion of exa
tly the same form as in (282), so that the simpleKosterlitz-Thouless result is re
overed, only with the e�e
tive spin-sti�ness in theformula, TKT = �2Ke�(TKT): (283)Therefore, if we 
an measure this sti�ness, it should have a universal ratio to temper-ature at the point where it jumps to zero. This is seen experimentally, for instan
ein the value of the super
uid density for thin-�lms of Helium at the point of thetransition from super
uid to normal liquid.What does the RG 
ow tell us about the 
orrelations in the XY model? Clearly,below TKT, the system 
ows under renormalization to a 
riti
al �xed point with67



an algebrai
 
orrelation fun
tion, and an exponent equal to T=2�Ke� . Above TKT,however, the system 
ows to a high-temperature �xed point where the 
orrelationlength be
omes equal to the short-s
ale 
ut-o� length. The a
tual 
orrelation lengthmust then be found by integrating ba
k the 
ow equations, whi
h we will now do: ForT > TKT we have the initial 
ondition x20 � y20 = ��2 < 0, where � 
an be written,� = �y20 � x20�1=2 = hb2e�2�"
 � (��"� 2)2i1=2 � 
 "(T � TKT)TKT #1=2 ; (284)where the last result is the limiting form 
lose enough to TKT. Now using the RG
ow equation (277) we have, dx = �y2dll ;= �(�2 + x2)dll ;dxx2 + �2 = �dll ; (285)with solution, 1� tan�1 x� � 1� tan�1 x0� = ln(l=l0): (286)Inverting this shows us how the length-s
ale l 
hanges with the RG 
ow,l = l0e� 1� (tan�1 x��tan�1 x0� ): (287)Note that we expe
t x to 
ow to large positive values. However the tan�1 fun
tionwill be limited to � as x� �, so that the limit of l will be�(T ) = l(x!1) = l0e�=� = l0ebh TKT(T�TKT)i1=2 : (288)Therefore we see an in
redibly sudden divergen
e of the 
orrelation length as theKosterlitz-Thouless transition is approa
hed from above. Note that while the expo-nent of 1=2 that appears is universal, the fa
tor b, whi
h also appears in the expo-nential, is non-universal, i.e. it depends on initial 
onditions.We 
an now use a simple s
aling argument to �nd the singular 
ontribution to thefree energy near the pahase transition. Assuming that the free-energy density s
alesas fs � ��d we get, fs / e�bdh TKT(T�TKT)i1=2 : (289)(This result is ba
ked up by a more 
areful RG analysis of the free energy.) Intrigu-ingly, all orders of derivatives of this free energy are zero as T ! TKT. Therefore thereare no dis
ontinuities in any derivative of the free energy at the Kosterlitz-Thoulesstransition!6.4 Physi
al examplesApart from the quite beautiful theory, partially des
ribed above, of this Kosterlitz-Thouless phase transition, the interest in the problem also 
omes from its appli
ability68



to many important 
ondensed matter systems. Apart from an easy-plane 2D ferro-magnet, the same transition 
an o

ur in thin-�lm super
uids and super
ondu
tors(although in the latter the extra property of magneti
 s
reening will kill the phasetransition on very long lengths). Also, the dynami
al phase transition of phase-slipsin a very thin super
ondu
ting wire has been des
ribed as a KT transition using thequantum d-dimension to 
lassi
al (d+ 1)-dimension mapping.Other two-dimensional systems with a goldstone mode, su
h as 
rystals, 
an alsobe expe
ted to have analagous topologi
al defe
ts to the vortex. For a 
rystal therelevant defe
t is a dislo
ation, and the theory des
ribing unbinding of dislo
ationpairs is known as the Kosterlitz-Thouless-Halperin-Nelson-Young theory of 2D melt-ing. The theory is more 
ompli
ated as dislo
ations 
an only destroy some of thequasi-long-range order in a 
rystal: the system 
an retain orientational order, whi
his only destroyed if extra defe
ts known as dis
linations 
an proliferate. Whetherthere are two su
h transitions, of KT type, or if there is a single �rst-order transition,remains a question of 
ontroversy.Finally, an interesting system arises when we have an external magneti
 �eld per-pendi
ular to a thin-�lm super
ondu
tor. The �eld for
es a �nite density of vorti
es(of same orientation) in to the �lm, and their mutual repulsion means that a latti
eis formed at low enough temperatures. This system should therefore have both aunbinding transition of vortex{anti-vortex pairs, and an unbinding transition of dis-lo
ations in the vortex latti
e. It turns out that the melting transition happens at a
onsiderably lower temperature due to the smaller energy 
ost of a dislo
ation thana vortex (there is an extra fa
tor of 1=4� in the prefa
tor of the logarithm!).
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Statisti
al Physi
s of Phase TransitionsProblem SheetMatthew J. W. DodgsonNovember 28, 2001
Le
ture One: Early understanding of phase transitionsSe
tion 1.2: Van der Waals theory of a liquid-gas transitionQuestion 1Find the lo
ation of the 
riti
al point P
 = P (v
; T
), de�ned by setting the�rst and se
ond derivatives of (16) to zero. Show that near the 
riti
alpoint, v � v
v
 = � "23 (P � P
)P
 #1=3 : (1)on the 
riti
al isotherm T = T
 (note, the same exponent of 1=3 is foundfor the mean-�eld ferromagnet on the 
riti
al isotherm.) Show that on the
oexisten
e line, v = v
 � 2v
 �T
 � TT �1=2 ; (2)with the plus sign for approa
hing from the gas phase and the minus sign
orresponding to the liquid. We see that the density di�eren
e �v betweengas and liquid falls 
ontinuously to zero at the 
riti
al point (again, thesame exponent of 1=2 is found for the spontaneous magneti
 moment in amean-�eld ferromagnet). Finally, show that the 
ompressibility� = �1v �v�P �����T : (3)diverges at the 
riti
al point. Therefore we 
an expe
t violent density 
u
-tuations at 
riti
ality (observed in 
arbon dioxide as \
riti
al opales
en
e"by Andrews in 1863).
Le
ture Two: Statisti
al me
hani
s of phase transtitionsSe
tion 2.1.1: Simple model of a �rst-order transitionQuestion 2We 
an illustrate the above points with an extremely simple model. Con-sider a system with a 
hoi
e of 2N +1 
on�gurations, one of whi
h has zero1



energy, while the other 2N 
on�gurations all 
ost an energy �N . Writedown the partition fun
tion and �nd the free energy as N ! 1. Findthe transition temperature, and the latent heat. Find the zeros of thepartition fun
tion in the 
omplex-� plane. What happens to the zeros asN !1?
Se
tion 2.3.1: Solution of Ising model in one dimensionQuestion 3Find the magnetization of the 1D Ising model in a �eld h, and show thatthe sus
eptibility follows the Curie law at high temperatures, but has amu
h stronger divergen
e as T ! 0.
Le
ture Three: Thermal 
u
tuations in the ordered phaseSe
tion 3.3.3: Gaussian approximation at low temperaturesQuestion 4Show that in the small Æ and � limit,FGL [Æ; �℄ = Z ddr jaj2b Æ2 + gjaj2b nj�xÆj2 + j�x�j2o ; (4)so that the elasti
 sti�ness of the phase 
u
tuations is " = gjaj=b. Cal
ulatethe propagator for the phaseG�(r) = h�(r)�(0)i = T" Z ddk(2�)d eik�rk2 : (5)for dimensions 1, 2, and higher. Then, ignoring the 
ontribution from GÆ(r)and using the property of Gaussian distributions1 to write Dei[�(r)��(0)℄E =e� 12h[�(r)��(0)℄2i, show that,

G(r) = 8>>>>>>>><>>>>>>>>:
�20e� T"� r; d = 1;�20 �rl �� T2�" ; d = 2;�20 exp hT" 
drd�2 � T" 
dld�2 i ; d � 3: (6)

1If we have a distribution P (x) = e�x2=2� so that hx2i = � then we 
an write heixi =z�1 R dx e�x2=2�eix = z�1 R dx e� 12� (x�i�)2e��=2 = e�hx2i=2.2



Le
ture Four: Field Theory of Phase TransitionsSe
tion 4.1.3: Spe
i�
 heat from Gaussian 
u
tuationsQuestion 5Show that as T ! T
 from above, the most singular part of the spe
i�
heat 
 = ��2f=�T 2 is given by,
s = 12 Z ddk(2�)d a02T(a + gk2)2 : (7)Evaluate the integral for the 
ases d < 4, d = 4, and d > 4 to show thefollowing behaviours,
s / 8><>: (T � T
)�(4�d)=2; for d < 4ln[(T � T
)=T
℄; for d = 4
onst.; for d > 4 (8)
Le
ture Five: S
aling and Renormalization Group Approa
hSe
tion 5.3.3: Fixed point with two unstable dire
tionsQuestion 6Consider a �xed point with two unstable dire
tions t and h (e.g., C for the2D Ising model). Write the free energy s
aling law in terms of the twoeigenvalue exponents yt and yh, and �nd the s
aling of the magnetizationM = �f=�h and the sus
eptibility � = �M=�h. Combine these results toprove the s
aling relation, � + 2� + 
 = 2: (9)
Le
ture Six: Vortex-Unbinding Transition in the 2D-XY ModelSe
tion 6.2 The Sine-Gordon model in two dimensionsQuestion 7We ran out of time in the last le
ture, so the �nal problem is to go overthe derivation given in the le
ture notes of the RG 
ow equations for the2D Sine-Gordon model.
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